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ABSTRACT

This paper shows a new model for complete design of rectangular isolated footings under uniaxial and
biaxial bending, considering that the footing area in contact with the soil partially works to
compression. The methodology is presented by integration to obtain moments, flexural shearing and
punching shearing. Numerical examples are presented for design of rectangular isolated footings under
uniaxial and biaxial flexion and are compared with the current model (total area works in compression)
in terms of concrete and steel volumes. The current model shows greater volumes of concrete and steel.
Therefore, the new model is the most appropriate, since it presents better quality control in the
resources used.
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Nuevo modelo para el disefio completo de zapatas aisladas rectangulares
tomando en cuenta que la superficie de contacto funciona parcialmente en
compresion

RESUMEN

Este documento muestra un nuevo modelo para disefio completo de zapatas aisladas rectangulares
bajo flexidn uniaxial y biaxial, tomando en cuenta que el area de la zapata en contacto con el suelo
funciona parcialmente a compresion. La metodologia se presenta por integracion para obtener
momentos, cortantes por flexion y penetracion. Los ejemplos numéricos se presentan para el
disefio de zapatas aisladas rectangulares bajo flexion uniaxial y biaxial, y se comparan con el
modelo actual (&rea total funciona en compresion) en términos de volumenes de concreto y acero.
El modelo actual muestra mayores volimenes de concreto y acero. Por lo tanto, el nuevo modelo
es el mas adecuado, ya que presenta mejor control de calidad en los recursos utilizados.
Palabras clave: zapatas aisladas rectangulares; nuevo modelo para disefio completo; momentos;
cortante por flexion; cortante por penetracion.

Um novo modelo para o dimensionamento completo de fundacdes isoladas
retangulares levando em consideracéo que a superficie de contato funciona
parcialmente em compressao

RESUMO

Este artigo mostra um novo modelo para o dimensionamento completo de fundacdes isoladas
retangulares sob flexdo uniaxial e biaxial, levando em consideracdo que a area da sapata em
contato com o solo funciona parcialmente a compressdao. A metodologia é apresentada por
integracdo para obter momentos, cisalhamento por flexdo e puncdo. Exemplos numéricos sao
apresentados para o projeto de fundages isoladas retangulares sob flexdo uniaxial e biaxial e sdo
comparados ao modelo atual (a area total funciona em compressao) em termos de volumes de
concreto e aco. O modelo atual mostra maiores volumes de concreto e aco. Portanto, 0 novo
modelo é o mais apropriado, pois apresenta melhor controle de qualidade nos recursos utilizados.
Palavras-chave: fundacdes isoladas retangulares; novo modelo para dimensionamento completo;
momentos; cisalhamento de flexdo; pungéo.
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1. INTRODUCTION

The design of shallow footings supported on the ground depends of the loads and moments
provided by the columns.

Figure 1 shows the distribution of soil pressure under the rigid footing that depends on the type of
soil, and the position of the applied resultant force at the center of gravity of the base. Figure 1(a)
presents a footing resting on sandy soil. Figure 1(b) shows a footing resting on clay soil. Figure
1(c) presents the uniform soil pressure distribution used in the current design.

The bearing capacity has been investigated for shallow footings subjected to biaxial bending, which
takes into account a linear ground pressure distribution and this contact area works partly in
compression (Irles-Mas and Irles-Mas, 1992; Ozmen, 2011; Rodriguez-Gutierrez and Aristizabal-
Ochoa, 2013a, b; Lee et al., 2015; Kaur and Kumar, 2016; Bezmalinovic Colleoni, 2016;
Dagdeviren, 2016; Aydogdu, 2016; Girgin, 2017; Turedi et al., 2019; Al-Gahtani and Adekunle,
2019; Galvis and Smith-Pardo, 2020; Rawat et al., 2020; Lezgy-Nazargah et al., 2022; Gor, 2022).

I JT IT

(a) RON _ ©)
Figure 1. Pressure distribution under the footing
Source: Own elaboration

The mathematical models for the foundations design: for isolated footings have been developed for
square, circular and rectangular shapes (Algin, 2000, 2007; Luévanos-Rojas, 2012a, b, 2013,
2014a, 2015a; Luévanos-Rojas et al., 2013, 2014b, 2016b, et al., 2017; Filho et al., 2017; Lopez-
Chavarria et al., 2017a, c, 2019; Khajehzadeh et al., 2014); For rectangular, trapezoidal, corner, T-
shaped and strap combined footings (Jahanandish et al., 2012; Luévanos-Rojas, 2014c, 2015b, c,
d, 20162 b, et al., 2018a, b, 2020; Lopez-Chavarria et al., 2017b; Velazquez-Santillan et al., 2019;
Aguilera-Mancilla et al., 2019; Yafez-Palafox et al., 2019). These papers take into account the
entire contact area working under compression.

The models closest to this document are: Soto-Garcia et al. (2022) proposed a mathematical model
to obtain the minimum area for circular isolated footings, taking into account that footing area in
contact with the soil works partially to compression, this model presents a case because the analysis
is developed for the resultant moment. Vela-Moreno et al. (2022) developed a mathematical model
to find the minimum surface for rectangular isolated footings, taking into account that footing area
in contact with the soil works partially to compression, this model shows five cases for biaxial
bending, two cases for uniaxial bending (Load is on the X axis) and another two cases for uniaxial
bending (Load is on the Y axis). Kim-Sanchez et al. (2022) presented a mathematical model to
obtain the thickness and the areas of transverse and longitudinal steel for circular isolated footings,
taking into account that footing area in contact with the soil works partially to compression.

This investigation presents a new analytical model to obtain a complete design (thickness and areas
of transverse and longitudinal steel) for rectangular isolated footings, taking into account that
footing area in contact with the soil works partially to compression, this model is based on the area
of contact with the soil (sides of footing) of the model proposed by Vela-Moreno et al. (2022). The
formulation of the new model is developed by integration to find the moments, the flexural shearing
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and the punching shearing under the code criteria (ACI 318S-19). Other authors present the
equations to find the complete design of a rectangular isolated footing, but considering the total
surface working under compression. Numerical examples are shown to find the complete design
of rectangular isolated footings under axial load and moments in one and two directions and the
results are compared with those of other authors to observe the differences. The ground contact
areas presented in this document are based on the work proposed by Vela-Moreno et al. (2022).
This model will have its impact on the construction industry with lower costs (materials and labor).

2. FORMULATION OF THE NEW MODEL

A rigid rectangular isolated footing is deformed in a planar shape, i.e., the distribution of soil
pressure under the footing is considered linear.

The general equation for any footings subjected to biaxial bending under a factorized axial load
and two factorized orthogonal moments is:

P,  12M,y 12M,x
h.h + 3 3
<y hehy hehy

ou(x,y) = (1)

where: oy is the factorized pressure generated by the soil due to the factorized axial load and the
factorized moments that are applied at the footing, Py is the factorized axial load, Mux is the
factorized moment on the X axis, Myy is the factorized moment on the Y axis, hx and hy are the
sides of the footing, x and y are the coordinates where the pressure generated by the soil is located.
The biaxial bending equation can be applied when the resultant force Py is located inside the central
nucleus (area working fully in compression), and when the resultant force Py is outside of the
central nucleus (area working partially in compression) is not valid.

When the resultant force Py is outside of the central nucleus, the general equations of soil pressure
under the footing subjected to uniaxial and biaxial bending are:

Uniaxial bending (Pu is located on the Y axis):

O-umax(Zhyl - hy + Zy)

o, (x,y) = )
2(%,y) 2,
Uniaxial bending (P is located on the X axis):
2hyy —hy +2
a,(x,y) = Oumax (2N x x) @A)
2hyq
Biaxial bending:
az(x, y) — Oumax [hyl(zx - hx) + hxl(zy - hy) + thlhyl] (4)

2hy1hyq

where: aumax IS the factorized maximum pressure generated by the soil due to the factorized axial
load and the factorized moments that are applied at the footing.

The critical sections for moments are located on the a-a and b-b axes, for the critical sections for
the flexural shearing are located on the c-c and e-e axes, and the critical section for the punching
shearing occurs in the perimeter formed by points 5, 6, 7 and 8 (ACI 318S-19).

New model for complete design of rectangular isolated footings taking
into account that the contact surface works partially in compression 195

Luévanos Rojas, A.



Revista ALCONPAT, 13 (2), 2023: 192 — 219

2.1. Rectangular isolated footing subjected to uniaxial bending

Figure 2 shows the four possible cases to obtain the minimum area of a rectangular isolated footing
subjected to uniaxial bending. Two cases when P is located on the Y axis: 1) when P is located
inside the central nucleus; 2) when P is located outside the central nucleus. Two cases when P is
located on the X axis: 1) when P is located inside the central nucleus; 2) when P is located outside
the central nucleus.

Case II-Y Case II-X
Figure 2. Four possible cases of minimum area for uniaxial bending
Source: Own elaboration based on Vela-Moreno et al. (2022)

Figure 3 shows the critical sections for moments and flexural shearing of four possible cases: Case
I-Y when P is located on the Y axis, and inside the central nucleus. Case 11-Y when P is located on
the Y axis, and outside the central nucleus: Case II-YA when the neutral axis is located hy/2 — hy:
> c1/2 (moment) and hy/2 — hy1 > ¢1/2 + d (flexural shearing); Case 11-YB when the neutral axis is
located hy/2 — hy1 < c1/2 (moment) and hy/2 —hy1 <c1/2 + d (flexural shearing). Case 1-X when P is
located on the X axis, and inside the central nucleus. Case 11-X when P is located on the X axis,
and outside the central nucleus: Case I1-XA when the neutral axis is located hy/2 — hy1 > ¢2/2
(moment) and hy/2 — hx1 > c2/2 + d (flexural shearing); Case 11-XB when the neutral axis is located
hx/2 — hxt <c2/2 (moment) and hy/2 — hx1 < c2/2 + d (flexural shearing).

2.1.1. Flexural shearing and moments
The general equations in the “c” and “e” axes for the factored flexural shearing “Vy.” and “Ve”,

and in the “a” and “b” axes for the factored moments “Mys” and “Myp” are:

Case I-Y

hy  hx
2 2
V,c = J; f . o, (x, y)dxdy ®)
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hx Ry
2 2
Vie = f fh Uu(xr Y)dydx (6)
2,4qJ-Y
2
hy he )
2 2
My, = _];1 j he Gu(xr y) (y - ?1) dxdy (7)
2 T2
hx Ry c
2 2
M, = j; I (x,v) (x - ?2) dydx (8)
2 2

where: d is the effective depth of the footing, c1 and c; are the sides of the column.
Note: Equation (1) is substituted into equations (5) to (8) and My = 0 and the integrals are
developed to obtain the final equations.
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Figure 3. Moments and flexural shearing for uniaxial bending
Source: Own elaboration
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Case II-YA

For hy/2 — hy1 > ¢1/2 + d (flexural shearing) and hy/2 — hy1 > ¢1/2 (moment) are:

hy hx

= J. : .fz o,(x,y)dxdy
hy hy
PR

Vie = J. J. O-Z(x’y)dydx

c2 hy
2 Td 5y

e [ [Eten (- Do
f ¥ f__h o,(x, y) )dydx

Case I1-YB

For hy/2 — hy1 <c1/2 + d (flexural shearing) and hy/2 — hy1 <¢1/2 (moment) are:

Ay hx
= f : Jz o, (x,y)dxdy

hx  hy
2 2
Vie = h Gz(x: y)dydx

c2 Y
2 Td 5

Mg j j xazoc ) (v - 2) dxdy
ub—jczxj_ 00 (- 5) dve

©)

(10)

(11)

(12)

(13)

(14)

(15)

(16)

Note: Equatlon (2) is substituted into equations (9) to (16) and the integrals are developed to obtain

the final equations.

Case I-X

The general equations in the “c” and “e” axes for the factored flexural shearing “Vy.” and “Vie”,
and in the “a” and “b” axes for the factored moments “Mya” and “Myp” are equations (5) to (8). But
in these equations Myx = 0 is substituted and the integrals are developed to obtain the final

equations.
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Case I1-XA
For hy/2 — hx1 > ¢2/2 + d (flexural shearing) and hy/2 — hy1 > c2/2 (moment) are:

= J. : f o,(x,y)dxdy a7
Sia ——h 1
hx
Ve = [, f 0, (x, y)dydx (18)
——h -2
Mua f f 0.6,9) (v - 2) dudy (19)
——h 1
My = f f 0:(0y) (x — Z) dydx (20)
__h _
Case 11-XB
For hy/2 — hx1 < ¢2/2 + d (flexural shearing) and hy/2 — hy1 < c2/2 (moment) are:
h_x
f o,(x,y)dxdy (21)
“Lid ——h 1
hx My
Ve = j . 0z (x, y)dydx (22)
C22+d _Ty
hy hx
_ 2 2 (o8}
c
My, = j a,(x,y) (x - —2) dydx (24)
T‘hﬂ 2

Note: Equation (3) is substituted into equations (17) to (24) and the integrals are developed to
obtain the final equations.

2.1.2. Punching shearing

Figure 4 shows the critical sections for punching shearing of four possible cases: Case I-Y when P
is located on the Y axis and inside the central nucleus. Case II-Y when P is located on the Y axis
and outside the central nucleus: Case 11-YA when the neutral axis is localized hy/2 — hys > ¢1/2 +
d/2, Case II-YB when the neutral axis is localized hy/2 — hy1 < ¢1/2 + d/2. Case 1-X when P is
located on the X axis and inside the central nucleus. Case 11-X when P is located on the X axis and
outside the central nucleus: Case I1-XA when the neutral axis is localized hy/2 — hx1 > ¢2/2 + d/2,
Case 11-XB when the neutral axis is localized hy/2 — hy1 < c2/2 + d/2.
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The general equation for the factorized punching shearing “Vup” is

Case I-Y

Cq1 +_ (%) +_

=R [ [ 17 e y)dxdy (25)

Note: Equation (1) is substituted into equation (25) and Myy = 0 and the integral is developed to
obtain the final equation.

Case lI-YA
For hy/2 —hy1 > c1/2 + d/2 is:

Vip = Py (26)

Case 11-YB
For hy/2 —hy1 <c1/2 + d/2 is:

c,d c.d
22 (22

Vup - Pu _f fcz do-z(x:y)dxdy (27)
Vs 2 2

where: — c1/2 — d/2 <ys <ci/2 + d/2
Note: Equation (2) is substituted into equation (27) and the integral is developed to obtain the final
equation.

Case I-X
Equation (1) is substituted into equation (25) and Mux = 0 and the integral is developed to obtain
the final equation.
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Figure 4. Punching shearing for uniaxial bending
Source: Own elaboration

Case I1-XA
For hy/2 — hxt > c2/2 + d/2 is equation (26).

Case I1-XB
For hy/2 —hy1 < co/2 + d/2 is:

ng C1d
2

2 2 2
Vp = By — f . daz(x, y)dydx (28)

where: — ¢2/2 — d/2 <xs < c2/2 + d/2.
Note: Equation (3) is substituted into equation (28) and the integral is developed to obtain the final
equation.

2.2. Rectangular isolated footing subjected to biaxial bending

Figure 5 shows the five possible cases to obtain the minimum area of a rectangular isolated footing
subjected to biaxial bending.

For case I, it is considered that the total surface of the footing works under compression. The
pressure generated by the soil on the footing is obtained by equation (1) (biaxial bending).

For cases II, IIl, IV and V consider that the total surface of the footing works partially under
compression, i.e., part of the surface has zero pressure. The pressure generated by the soil on the
footing is obtained by equation (4).
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Figure 5. Five possible cases of minimum area for biaxial bending
Source: Own elaboration based on Vela-Moreno et al. (2022)

2.2.1. Flexural shearing and moments

Figure 6 shows the critical sections for flexural shearing and moments for all possible cases.

The general equations on the “Cc”” and “e” axes for the factorized flexural shearing “Vuc” and “Ve”,
on the “a@” and “b” axes for the factorized moments “Mya” and “Myp” are:
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Case |

When P is located inside the central nucleus

Equation (1) is substituted into Equations (5) to (8) and the integrals are developed to obtain the
final equations.

Case Il
When P is located outside the central nucleus

hy
J;l _];’-x hxl(hy Zy) O-Z(x Y)dxdy (29)
+d 2hyq x1
x h
o n
Vue N CZ J;‘y hy1(hx—2x) Uz(X,y)dydx (30)
+d ST hy1
ua f ,Lx hxl(hy 2y) O-Z(x y)( )dxdy (31)
Zhy
Mo = f ﬁ‘y hy1(hx=2x) ho 0, (x, y)( )dydx 32)
2he1 y1

Case 111

When P is located outside the central nucleus of two possible cases: Case I11A when the neutral
axis is located hy/2 — hy, < c1/2 (moment) and hy/2 — hy> < ¢1/2 + d (flexural shearing); Case 111B
when the neutral axis is located hy/2 — hy> > ¢1/2 (moment) and hy/2 — hy> > ¢1/2 + d (flexural

shearing).
Case 1A
:f f Jz(x;Y)dxdy (33)
Ayq)-hx
2 2
he My
2 2
e = 244 ﬁy S 72 (%, y)dydx (34)
Mua f f 0, (,y) (y = ) dxdy -
Mup = f ,I;ly hyithx—20) o.(x,y) (x - —) dydx (36)
AT
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Case 11IB

1+d

J; J;,x h1(hy—2y) a,(x,y)dxdy + j; ) f " a,(x,y)dxdy
T+T_h9ﬂ T_hyz -

he Ny
2 2
Vue - c2 hy hy1(hx 2x) O—Z (x) Y)dydx
+d T -
__hyz nx
ua f f hx1(hy—2y) O-Z ('x y) ( ) dxdy

Zhy

fh_y_h f__ 0,(6,) (v ) dxdy

h
Muw = f ﬁ‘y hyithe-20) a,(x,y) (x - 7) dydx
1

2hyq y
where: hy2 = hyl(hxl — hx)/hxl.

Case IV

37)

(38)

(39)

(40)

When P is located outside the central nucleus of two possible cases: Case IVA when the neutral
axis is located hy/2 — hyo < c2/2 (moment) and hy/2 — hy < ¢2/2 + d (flexural shearing); Case I11B
when the neutral axis is located hy/2 — hx2 > ¢2/2 (moment) and hy/2 — hxo > ¢2/2 + d (flexural

shearing).

Case IVA

h

Y
ﬁl‘Fd ,’;lx hxl(hy Zy) IO-Z(x _'Y)dxdy

hy  hy

2

Vie =f fh a,(x,y)dydx
2

C2+d

Mua J j hxl(hy Zy) Uz(x y) ( )dxdy

2 2hyq

Mus _J xj o, (x, }’) )dydx
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Case IVB
f7'f% (x, y)dxd (45)
= o, (x,y)dxdy

c < hx1(hy—2y) z

Zta h7+12+1y—hx1
__hxz

J; . J; ) Iyl a,(x,y)dydx + f f o, (x,y)dydx (46)
+d Ty

Myq J. .f Jha(hy-2y) Gz(x y)( )dXdy (47)
2 Zhy]_

__hxz
M = f ﬁ‘y hy1(hx—2x) b, o, (x, )’)( )dydx
zhx y1 )

f o,(x,y) (x — —) dydx
Where: hx2 = hxl(hyl — hy)/hyl.

_hxz

Case V

When P is located outside the central nucleus of four possible cases: Case VA when the neutral
axis is localized hy/2 — hy2 < c1/2 + d and hy/2 — hxa < c2/2 + d (flexural shearing) and hy/2 — hy2 <
c1/2 and hy/2 — hy2 < ¢2/2 (moment); Case VB when the neutral axis is localized hy/2 — hy, <c1/2 +
d and hy/2 — hyo > ¢2/2 + d (flexural shearing) and hy/2 — hy, < ¢1/2 and hy/2 — hy2 > ¢2/2 (moment);
Case VC when the neutral axis is localized hy/2 — hy2 > ¢1/2 + d and hy/2 — hy2 < c2/2 + d (flexural
shearing) and hy/2 — hy2 > ¢1/2 and hy/2 — hyo < ¢2/2 (moment); Case VD when the neutral axis is
localized hy/2 — hy2 > ¢1/2 + d and hy/2 — hxa > c2/2 + d (flexural shearing) and hy/2 — hy2 > ¢1/2 and
hx/2 — hx2 > c2/2 (moment).

Case VA
Ay hx
=J2]2@mwww (49)
hy Ry
%=L [+, oG ayax (50)
2 +d >
hy hx
2 2 C
Mua = JC_1 j_h_xo-Z(x'y) (y_?l) dxdy (51)
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ub—f f 0, (x,) (x - 2) dydx

Case VB

= f 2 fz O-z(x;Y)dXdy
Ztd —hz_x

_hxz 7 T
fc_z h_y A2 GZ(X,y)dydx+th_x_hxz f_h_yaz(x,y)dydx

2hyx yi

hy  hx
2 2 C
Mua = J;l J he O-z(x; y) (y - ?1) dxdy
2 Tz

__hxz c,
ub B J- hy hyl(hx—Zx) h 0y (x' y) (X - ?) dydx

zhxl y1

L;_ J:_fE(x30 )dydx

Case VC

_hyz
Jcl ,[ hx1(hy—2y) Uz(x _'Y)dxdy +f
2t

J; O-z(x;:V)dXdy
=

hy hy
2 2
Vue = J O'Z(X y)dydx

C2+d h

__hyz nx
Mua = ,[C_l J LJalhy-2y) UZ (x,y) (y - —) dxdy

2 2hy1

+f2 fza(x )( —&)dxd
Py I ARV Y

he Ry
N Cy
Mup = fc_z f_ , ) (x =) dydx
2 2
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(83)

(54)

(55)

(56)

(57)

(58)

(59)

(60)

207 L

Luévanos Rojas, A.



208

Revista ALCONPAT, 13 (2), 2023: 192 — 219

Case VD

__hyz nx Tx
fc f hxl(hy_zy) az(x y)dxdy + f__h J_ . o,(x,y)dxdy
2

__hxz
J; J;zy hyrtha=20) o, (x,y)dydx +f f o,(x,y)dydx

2
+d
2hx1 y1

J; J;lx haa(hy=2y) 3 o (x,y) ( > ) dxdy

Zhy]_

f 06, (v - 3) dxdy
_hxz
ub B f _];ly hy1(hx—2x) n GZ(X y) (X - _) dydx
T y1

L;_ J:_fE(x30 )dydx

_hyZ

(61)

(62)

(63)

(64)

Note: Equation (4) is substituted into equations (29) to (64) and the integrals are developed to

obtain the final equations.

2.2.2. Punching shearing

Figure 7 shows the critical sections for punching shearing of six possible cases (Critical perimeter

formed by points 5, 6, 7 and 8).

For case I, it is considered that the total surface of the footing works under compression. The

pressure generated by the soil on the footing is obtained by equation (1) (biaxial bending).

For cases I, 111, IV, V and VI consider that the total surface of the footing works partially under
compression, i.e., part of the surface has zero pressure. The pressure generated by the soil on the

footing is obtained by equation (4).
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Y

d/2

ds2

ekt

a1

hy/2

G3

2c:f a2

(d) Case IV

The general equation for the factorized punching shearing “Vyp” is

Case |

a2 d2

61

Y
a2 ¢z a2
>l
G2
NA i
s Tbs
a2 ol b T,
- i
o : ;
i '
ar. Il el
7 8
63
hy/2
hy
(b) Case II
s
a2 d2

(e) Case V
Figure 7. Punching shearing for biaxial bending
Source: Own elaboration

G3

(c) Case III

a2ex| A2

o P

(f) Case VI

Equation (1) is substituted into equation (25) and the integral is developed to obtain the final

equation.

Case Il

The neutral axis does not reach the perimeter of the critical section; therefore, it is equation (26).

Case 111

= b _f _Lx haa(2y-hy)

where: yp =

Zhyl

o,(x,y)dxdy
X1

(65)

hy/2 — hy1(c2 + d — hy)/2hy — hys (If the neutral axis crosses the critical perimeter on the

side formed by points 5 and 8) and y, = — ¢1/2 — d/2 (If the neutral axis crosses the critical perimeter
on the side formed by points 7 and 8).
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Case IV
—2+E y C_2+E C_1+E
22 Pl 2 2 2 2
Vup = Py — f o ﬁl )yt o,(x,y)dydx — f o a f o,(x,y)dydx (66)
2 2 2 2hx1 hy1 577 Vp1
Where: yp]_ = hy/2 + hy]_(CZ + d + hx)/2hx1 — hyl.
Case V
Xp1 Yp1 %24% 52_1+§
2 2 2 2Ryt hy1 22 Yp1 (67)

c2,4d
2 12

g

Xpl

Yp1
f . daz(x, y)dydx

WherEZ Xp]_ = hx/2 — hxl(Cl + d — hy)/2hy1 — hxl and ypl = hy/2 + hyl(CZ + d + hx)/2hx1 — hyl.

Case VI

(SRS

F+5 (3t
Vup = P, —f df . daz(x, y)dydx (68)
WherEZ Xp]_ = hx/2 — hxl(Cl + d — hy)/2hy1 — hxl and ypl = hy/2 + hyl(CZ + d + hx)/2hx1 — hyl.

Note: Equation (4) is substituted into equations (65) to (68) and the integral are developed to obtain
the final equations.

3. RESULTS

In this section the application of the new model is described, using the same examples to obtain
the minimum area and the sides of a rectangular isolated footing proposed by Vela-Moreno et al.
(2022).

Tables 1 and 2 present the four cases to obtain the complete design of the rectangular isolated
footings subjected to uniaxial bending. Two cases when the axial load is located on the Y axis:
Case I-Y, when the entire contact area works under compression; Case I1-Y, when the contact area
works partially in compression. Two cases when the axial load is located on the X axis: Case I-X,
when the entire contact area works under compression; Case I1-X, when the contact area works
partially in compression.

Table 1 shows the results for ¢y and c2 = 0.40 m, Py = 720 kN, Myx = 360, 720, 1440, 2160 kN-m,
Muy = 0 KN-m and umax = 250 KN/m?,

The procedure used is the following:

For the case I-Y: Substituting Pu, Mux, Mu = 0, hx, hy into equation (1), and subsequently
substituting equation (1), hx, hy, c1, c2 and d into equations (5) to (8) and (25).

For the case Il-Y: Substituting oumax, hy, hy1 into equation (2), and subsequently substituting
equation (2), hy, hy, c1, ¢c2 and d into equations (9) to (12) or (13) to (16), and (26) or (27) according
to the case.

The value of d is fixed by the equations proposed by (ACI 318S-19).
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Table 1. Complete design of the footing when the axial load is on the Y axis.
(Source: Own elaboration)

M
Caso kl\il)-( hy hy d Mua Mub Vie Ve Vup Asmy Asminy Aspy Asmx | Asminx Aspx
m m m Jem] kKN-m | KN-m | kN kN kN cm? | cm? cm? cm? ] cm? cm?
22.80 6555
- *
-y ” 1.00 | 3.65 | 52 | 41097 | 3240 | 342.89 553.04 | 2200 | 17.32 | (0L 165 | 6320 | 2000
22.80 34.20
-y 133| 3.00 | 32 | 24038 | 4054 | 27263| 5438 | 655.20| 21.10 | 1417 | (CUL. 1337 | 3197 | SO
34.20 136.89
- *
-y . 1.00 | 6.00 | 67 | 794.45 | 32.40 | 42026 56261 | 3332 | 2231 | 50 | 12813387 | 52000
25.65 81.12
- *
-y 1.00 | 4.67 | 52 | 468.41 | 2250 | 322.24 631.92 | 2528 | 1732 | o0 | 115 | 8087 | i
-y 2.00 [ 12.00 | 42 | 1693.21 | 115.20 | 500.88 | 136.80 | 699.83 | 130,51 | 27.97 | 13182 1757 |16783| 17238
1440 26017) (34017)
65.91 76.95
-y 200 | 5.33 | 42 | 80498 | 80.00 |490.75 | 95.00 | 720.00 | 6171 | 27.97 | L |5.05 | 7455 | \J00
-y 2.00 | 18.00 | 52 | 2592.81 | 115.20 | 510.05 | 100.80 | 703.07 | 161.36 | 34.63 | 18224 |5g7|31160| 31434
7160 (32017) (62017)
111.54 91.20
-y 200 | 7.33 | 37 | 1268.16 | 80.00 |350.12 | 107.50 | 720.00 | 100.86 | 2464 | 51000 573 | 903L | 0

where: Asmy and Asmx are the steel areas generated by the moments in the a (Y direction) and b (X
direction) axes, Asminy and Asminx are the minimum steel areas in both directions, Aspy and Aspx are
the proposed steel areas in the Y and X directions (ACI 318S-19). * The axis is located outside the
area of the footing.

Table 2 shows the results for ¢ and ¢2 = 0.40 m, Py = 720 kN, Mux = 0 KN-m, Myy = 360, 720,
1440, 2160 kN-m and oumax = 250 KN/m? (same procedure used in Table 1, but with the
corresponding equations).

Table 2. Complete design of the footing when the axial load is on the X axis.
(Source: Own elaboration

M
Caso kl\jll-/ hx hy d Mua Mub Vuo Vue Vup Asmy Asminy ASpy Asmx Asminx Aspx
m m m Jcmf kN-m | kN-m kN kN kN fcm?] cm? cm? cm? cm? cm?
8555 22.80
- *
I-X ” 3.65 |1.00 | 52 | 32.40 | 410.97 34289 | 553.04 | 165 | 6320 | 2020, | 2200 1732 | (B0
34.20 22.80
11-X 3.00 | 133 | 32 | 4054 | 24038 | 5438 |272.63| 65520 | 3.7 | 397 | 3030 | 2010|147 | FLO
I-X 6.00 |1.00| 67 | 32.40 | 79445 | * |42046|582.61|1.28 | 13387 (5%?2) 3332 | 2231 (1233322‘,,)
720
11-X 467 |1.00| 52 | 2250 | 46841 | * |32224|631.921.15 ] 80.87 (1861(5112”) 2528 | 17.32 (9%;’3?3,,)
I-X 12.00 | 2.00 | 42 | 115.20 | 1693.21 | 136.80 | 500.88 | 699.83 | 7.27 | 167.83 éjéjjf) 130,51 | 27.97 égg?f)
1440
76.95 6591
11-X 533 |2.00 | 42 | 80.00 | 894.98 | 95.00 | 499.75 | 720.00 | 5.05 | 7455 | 1575 | 6171 | 2797 | L
I-X 18.00 | 2.00 | 52 | 115.20 | 2592.81 | 100.80 | 510.05 | 703.07 | 5.87 | 311.69 é;‘gf,‘f’) 161.36 | 34.63 égéff)
2160
91.20 11154
11-X 7.33 |2.00 | 37 | 80.00 | 1268.16 | 10750 | 350.12 | 720.00 | 5.73 | 9031 | 1p0. | 10986 | 2464 | G100

Tables 1 and 2 present the complete design of the rectangular isolated footings subjected to uniaxial
bending.

Table 1 shows the following: The effective depth is governed by the flexural shearing in the ¢ axis
for the two cases (Mux = 360, 720, 1440 kN-m), and by the moment in the a axis for the two cases
(Mux = 2160 kN-m). The smallest effective depth is presented in case 11-Y for Mux = 360, 720, 2160
kN-m, and for Myx = 1440 kN-m the effective depth is the same in case I-Y and II-Y. The smallest
proposed steel area appears in case 11-Y for the two cases in both directions except at Mux = 360
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kN-m which are the same in case I-Y and II-Y in Y direction.

Table 2 presents the following: The effective depth is governed by the flexural shearing in the e
axis for the two cases (Myy = 360, 720, 1440 kN-m), and by the moment in the b axis for the two
cases (Muy = 2160 kN-m). The smallest effective depth is presented in case I1-X for Myy = 360,
720, 2160 kN-m, and for Muy = 1440 kN-m the effective depth is the same in case I-X and 11-X.
The smallest proposed steel area appears in case 11-X for the two cases in both directions except at
Muy = 360 KN-m which are the same in case I-X and 11-X in X direction.

Tables 3 to 6 present the complete design of the rectangular isolated footings subjected to biaxial
bending.

Tables 3 to 6 present the two cases to obtain the complete design of the isolated rectangular footings
subjected to biaxial bending, a case when the entire contact area works under compression (Case
1), and another case when the contact area works partially under compression (the smaller area of
cases 11, 111, IV and V).

The procedure used for Tables 3 to 6 is as follows:

For case I: Substituting Py, Mux, Muy, hx, hy into equation (1), and later equation (1), hx, hy, c1, C2
and d is substituted into equations (5) to (8) and (25).

For cases Il, 111, IV and V: Substituting cumax, hx, hx1, hy, hy1 into equation (4), and subsequently
substituting equation (4), hx, hxt, hy, hy1, c1, c2 and d into equations (29) to (32) (case Il), into
equations (33) to (36) (case I11A), into equations (37) to (40) (case I1IB), into equations (41) to (44)
(case IVA), into equations (45) to (48) (case IVB), into equations (49) to (52) (case VA), into
equations (53) to (56) (case VB), into equations (57) to (60) (case VC), into equations (61) to (64)
(case VD), and (26), (65) to (68) as the case may be.

Table 3 shows the results for ¢ and c2 = 0.40 m, Py = 720 kN, Mux = 360, 720, 1440, 2160 KN-m,
Muyy = 360 KN-m and oumax = 250 kN/m?. The smallest area appears in the case V for Mux = 360
and 720 kN-m, and in the case Il for Mux = 1440 and 2160 kN-m.

Table 3. Complete design of the footing for Myy = 360 kN-m.
(Source: Own elaboration)

Caso a/ll\LlD-( hx hy d Mua Muo Vie Ve Vup Asmy | Asminy Aspy Asmx | Asminx Aspx
m m m fJcecm] kN-m | kN-m kN kN kN cm? cm? cm? cm? | cm? cm?
6555 6555
| - 6.00|6.00 | 27 | 63243 | 63243 | 391.39 39130 | 71102 | 65.04 | 53.95 | , 5020, 6504 | 5395 | 2000,
31.35 31.35
v 272|272 22 | 220.25 | 229.25 | 305.04 | 305.04 | 698.58 | 20.25 | 10.93 | | }r>n.. | 20.25 | 1093 | (P00
| 6.00 |12.00| 27 | 1351.21 | 632.43 | 421.25 | 391.39 | 71551 | 148.38 | 53.95 | 12210 |6343 10789 11154
720 (30017) (22017)
5577 42.75
v 222|445 | 27 | 47200 | 196.31 | 367.54 | 208.13 | 700.58 | 5144 | 1008 | [l [1961 ] 4001 | (S0
| 6.00 [24.00| 32 | 2790.60 | 632.43 | 434.23 | 384.90 | 717.41 | 278.00 | 63.94 | 27885 |5p71|25574| 29857
1440 (55017) (51017)
79.80 94.05
1 187 |7.46 | 37 | 048.06 | 174.75 | 410.11 | 254.16 | 720.00| 78.18 | 23.04 | [0 |1286 | on91 | R
| 6.00 [36.00| 42 | 4230.40 | 632.43 | 437.49 | 371.76 | 717.76 | 311.87 | 83.92 | 31434 |39.06 50350 29700
2160 Cirsi e
1 171[10.24 42 | 1428.46 | 165.34 | 447.01 | 210.14 | 720.00| 10068 | 23.02 | 500 |1044 | 14322 | (D08

Table 3 shows the following: The effective depth is governed by the punching shearing for the two
cases (Mux = 360, 720 kN-m), and by the moment in the a axis for the two cases (Mux = 1440, 2160
kN-m). The smallest effective depth occurs in case V for Mux = 360 KN-m, smallest effective depth
occurs in case | for Mux = 1440 kN-m, and for Mux = 720, 2160 kN-m the effective depth is the
same in both cases. The larger proposed steel area appears in case | for the two cases in both
directions.
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Table 4 shows the results for c1 and ¢z = 0.40 m, Py = 720 kN, Mux = 360, 720, 1440, 2160 kKN-m,
Muyy = 720 KN-m and oumax = 250 kN/m?. The smallest area appears in the case V for Mux = 360
kN-m, and in the case 1l for Myx = 720, 1440 and 2160 kKN-m.

Table 4. Complete design of the footing for Myy = 720 kKN-m.
(Source: Own elaboration)

Mux hx hy d Mua Mub Vuc Vue Vup Asmy Asminy Aspy Asmx Asminx Aspx
Caso
kN-m] m m Jcm] kN-m | kN-m kN kN kN cm? cm? cm? cm? cm? cm?
| 12.00 | 6.00 | 27 | 632.43 | 135121 | 391.39 | 421.25 | 71551 | 63.43 | 107.89| 11154 | 14838 5395 | 15210
Vv 445 |222| 27 | 19631 | 472,00 | 20813 | 36754 | 70958 | 1961 | 4010 | (S2TE. | 5144 | 1096 | o0l
| 12.00 [12.00| 27 | 1351.21 | 1351.21 | 421.25 | 421.25 | 717.76 | 139.46 | 107.89 | 1419 | 13946 | 107,89 | 14196
120 (28017) (28017)
45.63 4563
1 373 (373 | 27 | 43031 | 43031 | 39278 | 39278 | 72000 | 4447 | 3354 | (08| 4aar | 3354 | (00
| 12.00 |24.00| 27 | 2790.60 | 1351.21 | 435.76 | 421.25 | 718.88 | 307.84 | 107.89 é?%fz) 135.74 | 215.78 é}%?,l,)
1440 106.47 59.85
1 322 |645 | 27 | 91351 | 408.86 | 45825 | 42374 | 72000 10420 | 2895 | 20 | ar2t | 57.99 | 200
| 12.00 |36.00| 27 | 4230.40 | 1351.21 | 440,54 | 421.25 | 719.25 | 508.33 | 107.89 | 21207 | 13459 | 32368 | 32448
7160 (101017 (64017)
141.96 96.90
1 3.00 [9.00 | 32 | 1404.83 | 40375 | 48092 43367 | 72000 | 14024 | 397 | e | 3385 | 9590 | 300

Table 5 shows the results for ¢ and c2 = 0.40 m, Py = 720 kN, Mux = 360, 720, 1440, 2160 KN-m,
Muy = 1440 kKN-m and cumax = 250 KN/m2. The smallest area appears in the case Il for Myx = 360,
720, 1440 and 2160 kKN-m.

Table 5. Complete design of the footing for Myy = 1440 kKN-m.
(Source: Own elaboration)

Caso Mux hx hy d Mua Mub Vuc Vue Vup Asmy Asminy Aspy Asmx Asminx Aspx
kN-m| m m fecm] kN-m | kN-m kN kN kN cm? cm? cm? cm? cm? cm?
| 24.00 | 6.00 | 32 | 632.43 | 2790.60 | 384.90 | 434.23 | 717.41 | 5271 | 25574 | 29857 | 27800 | 63.94 | 27885
4. )
1 7.46 | 187| 37 | 17475 | 948.06 | 25416 | 419.11| 72000 | 1286 | 9191 | ;3000 | 7818 | 2304 | [0
| 24.00 [12.00 27 | 1351.21 | 2790.60 | 421.25 | 435.76 | 718.88 | 135.74 | 21578 | 21801 | 30784 | 107.89 | 30927
720 Cors Coei7
1 645 |322| 27 | 40886 | 91351 | 42374 45825 | 72000 | 4121 | 57.99 | , 005 | 10420 | 2895 | STOH
| 24.00 [24.00| 27 | 279060 | 2790.60 | 435.76 | 435.76 | 719.44 | 288.54 | 21578 | 288:99 | 28854 | 21575 | 28899
1440 (59760313 : (5976%13 :
1 573 |573| 27 | 89907 | 890.07 | 48427 | 48427 | 72000 | 9495 | 5152 | oS% | 0495 | 5182 | A0
| 24.00 |36.00| 27 | 4230.40 | 2790.60 | 440.54 | 435.76 | 719,63 | 45151 | 215.78 | 4630 | 28313 | 32368 | 32448
b i
1 5.41 [8.12 | 32 | 1399.94 | 89875 | 498.17 | 495.32 | 72000 | 15703 | 4864 | 700l | 9267 | 7301 | 3000

Table 4 shows the following: The effective depth is governed by the punching shearing for the two
cases (Mux = 360, 720, 1440 kN-m), and by the moment in the a axis for the two cases (Mux = 2160
kN-m). The smallest effective depth occurs in case | for Myx = 2160 kN-m, and for Myx = 360, 720,
1440 kN-m the effective depth is the same in both cases. The larger proposed steel area appears in
case | for the two cases in both directions.

Table 5 shows the following: The effective depth is governed by the punching shearing for the two
cases (Mux = 720, 1440, 2160 KN-m), and by the moment in the a axis for the two cases (Mux = 360
kN-m). The smallest effective depth occurs in case | for Mux = 360 kN-m, and for Myx = 720, 1440,
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2160 kN-m the effective depth is the same in both cases. The larger proposed steel area appears in
case | for the two cases in both directions.

Table 6 shows the results for ¢ and c2 = 0.40 m, Py = 720 kN, Myx = 360, 720, 1440, 2160 kKN-m,
Muyy = 2160 kKN-m and cumax = 250 KN/m2. The smallest area appears in the case Il for Myx = 360,
720, 1440 and 2160 kN-m.

Table 6. Complete design of the footing for Myy = 2160 KN-m.
(Source: Own elaboration)

Mux hx hy d Mua Mub Vuc Vue Vup Asmy Asminy Aspy Asmx Asminx Aspx
Caso

kN-m] m m Jecm] kN-m | kN-m kN kN kN cm? cm? cm? cm? cm? cm?

| 36.00 | 6.00 | 42 | 632.43 | 4230.40 | 371.76 | 437.49 | 717.76 | 39.96 | 50350 | 20700 | 31187 g3o2 | 31434

i i

I 1024|171 | 42 | 16534 | 142846 | 21014 | 44701 | 72000 | 1044 |14322| 00 | 1008 | 2392 | 5000

| 36.00 [12.00| 27 | 1351.21 | 4230.40 | 421.25 | 44054 | 719.63 | 134.50 | 323.68 | 32448 | 307.84 | 107.89 | 30927

120 (64017) 61017)

96.90 141.96

1 9.00 [3.00 | 32 | 403,75 | 1404.83 | 43367 | 480.82 | 72000 | 3385 | 9590 | 20U | 14024 | 3197 | 50

| 36.00 |24.00| 27 | 2790.60 | 4230.40 | 435.76 | 440.54 | 719.44 | 283.13 | 323.68 | 324*® | 45151 | 21578 | 42630

1440 oS A

1 812 [5.41 | 27 | 898.75 | 1399.04 | 495.32 | 498.07 | 72000 | 9267 | 7301 | ;y0in. | 15708 | 4864 | 010

| 36.00 [36.00| 27 | 423040 | 4230.40 | 44054 | 44054 | 719.75 | 437.69 | 323.68 | 24109 | 43769 | 32368 | 44109

2160 (87017) (87917

152.10 152.10

I 773 | 773 | 32 | 1396.69 | 1396.69 | 498.81 | 498.81 | 72000 | 14944 | 6950 | O | 14044 | 6950 | 10D

Table 6 shows the following: The effective depth is governed by the punching shearing for the two
cases (Mux = 1440, 2160 kN-m), and by the moment in the a axis for the two cases (Mux = 360, 720
kN-m). The smallest effective depth occurs in case | for Mux = 720 kN-m, and for Myx = 360, 1440,
2160 KN-m the effective depth is the same in both cases. The larger proposed steel area appears in
case | for the two cases in both directions.

Figure 8 shows the comparison for uniaxial bending (Axial load on the Y axis) of the current model
(Case 1-Y) and new model (Case 11-Y) in terms of volume of concrete and steel of the considered
examples.

Figure 8 shows the following: The new model presents smaller volumes of concrete and steel in all
cases than the current model. The smallest difference in volumes of concrete and steel occurs at
Mux = 360 kN-m of 1.37 times for concrete and 1.31 times for steel. The biggest difference in
volumes of concrete and steel occurs at Myx = 2160 kN-m of 3.27 times for concrete and 3.55 times
for steel.

Figure 9 shows the comparison for uniaxial bending (Axial load on the X axis) of the current model
(Case 1-X) and new model (Case 11-X) in terms of volume of concrete and steel of the considered
examples.

Figure 9 presents the following: The new model presents smaller volumes of concrete and steel in
all cases than the current model. The smallest difference in volumes of concrete and steel occurs at
Muy = 360 kN-m of 1.37 times for concrete and 1.31 times for steel. The biggest difference in
volumes of concrete and steel occurs at Myy = 2160 kN-m of 3.27 times for concrete and 3.55 times
for steel.
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Figure 10 shows the comparison for biaxial bending of the current model (Case I) and new model
(Case Il or V) in terms of volume of concrete and steel of the considered examples.

Figure 10 shows the following:
The new model presents smaller volumes of concrete and steel in all cases than the current model.
The smallest differences occur at Mux = 360 kN-m for all cases in the volumes of concrete and steel
of 5.68 times for concrete and 4.61 times for steel (Muy = 360 kN-m), 7.28 times for concrete and
7.43 times for steel (Myy = 720 kN-m), 9.17 times for concrete and 10.69 times for steel (Myy =
1440 kN-m), 12.33 times for concrete and 10.32 times for steel (Muy = 2160 KN-m).
The largest differences occur at Mux = 2160 kN-m for all cases in the volumes of concrete and steel
of 12.33 times for concrete and 10.32 times for steel (Muy = 360 kN-m), 14.00 times for concrete
and 14.24 times for steel (Muy = 720 kN-m), 19.66 times for concrete and 13.57 times for steel
(Muy = 1440 kKN-m), 21.69 times for concrete and 13.51 times for steel (Muy = 2160 KN-m).
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4. CONCLUSIONS

This work presents a new complete design mathematical model to obtain the thicknesses and areas
of transverse and longitudinal steel for rectangular isolated footings subjected to uniaxial and
biaxial bending supported on elastic soils, which considers the total surface working partially under
compression and it is assumed that the distribution of pressures on the ground is linear.
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The main contributions in this work are:

The main contributions of this work for these examples are:

1.- This work shows a significant reduction in the volumes of concrete and steel than the current
model, if the contact surface with the ground working partially under compression.

2.- This work shows a significant reduction in the volume of excavation than the current model,
because the new model occupies less volume.

3.- The thickness for both models are governed by moments and flexural shearing for uniaxial
bending, and by moments and punching shearing for biaxial bending.

4.- The new model can be used for any building code, simply taking into account the moments, the
flexural shearing and the punching shearing that resist to define the effective depth, and the
equations to determine the reinforcing steel areas proposed by each building code.

5.- The new model can be used when the load Py is located outside the central nucleus (ex/hx+
ey/hy>1/6), and the current model is used when load Py is located inside the central nucleus (ex/hx+
ey/hy<1/6), where ex = My/P and ey = My/P.

This works shows an effective and robust solution applied to obtain the complete design for
rectangular isolated footings subjected to uniaxial and biaxial bending supported on elastic soils
working partially under compression, and the variation of the pressure diagram is linear.

The suggestions for the next research:

1.- Complete design for combined footing (rectangular, trapezoidal, strap, corner and shaped-T)
subjected to uniaxial and biaxial bending supported on elastic soils working partially under
compression.

2.- Footings supported on totally cohesive soils (clay soils) and/or totally granular soils (sandy
soils), the pressure diagram is different, because the pressure diagram is not linear as it is presented
in this work.
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