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ABSTRACT 
This work shows an analytical model for the design of corner combined footings subjected to an axial 

load and two orthogonal flexural moments per each column. It considers the real pressure on the ground 

below of the footing, and the methodology is based on the principle that the integration of the shear force 

is the moment. The current design considers the maximum pressure at all contact points. This model is 

verified by equilibrium of shear forces and moments. The application of the model is presented by means 

of a numerical example. Therefore, the proposed model is the most appropriated, because it generates 

better quality control in the resources used. 

Keywords: corner combined footings; analytical model for design; flexural moments; flexural shearing; 

punching shearing. 
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Un modelo analítico para el diseño de zapatas combinadas de esquina 

 
RESUMEN 

Este trabajo muestra un modelo analítico para el diseño de zapatas combinadas de esquina 

sometidas a una carga axial y dos momentos flexionantes ortogonales por cada columna. El modelo 

toma en cuenta la presión real del suelo debajo de la zapata, y la metodología se basa en el principio 

de que la integración de la fuerza de corte es el momento. El diseño actual considera la presión 

máxima en todos los puntos de contacto. Este modelo se verifica por equilibrio de fuerzas de corte 

y momentos. La aplicación del modelo se presenta por medio de un ejemplo numérico. Por lo 

tanto, el modelo propuesto es el más apropiado, ya que genera un mejor control de calidad en los 

recursos utilizados. 

Palabras clave: zapatas combinadas de esquina; modelo analítico para diseño; momentos 

flexionantes; cortante por flexión; cortante por penetración. 
 

Um modelo analítico para projeto de sapata de canto combinadas 

 
RESUMO 

Este trabalho apresenta um modelo analítico para o dimensionamento de sapatas angulares 

combinadas submetidas a uma carga axial e dois momentos fletores ortogonais para cada pilar que 

leva em consideração a pressão real do solo sob a sapata, e a metodologia é baseada no princípio 

de que a integração da força cortante é o momento. O projeto atual considera a pressão máxima 

em todos os pontos de contato. Este modelo é verificado pelo equilíbrio das forças de cisalhamento 

e momentos. A aplicação do modelo é apresentada por meio de um exemplo numérico. Portanto, 

o modelo proposto é o mais adequado, pois gera um melhor controle de qualidade dos recursos 

utilizados. 

Palavras-chave: sapatas combinadas de canto; modelo analítico para projeto; momentos de 

flexão; cisalhamento por flexão; cisalhamento por punção. 
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1. INTRODUCTION 
 

A foundation or more commonly called a base that is the element of an architectural structure that 

connects it to the ground, and that transfers the loads from the structure to the ground. Foundations 

are divided into two types, such as shallow and deep (Bowles, 2001; Das et al., 2006). 

Five main types of shallow foundations for columns are: 1) strip footing; 2) spread or isolated 

footing; 3) combined footing supporting two or more columns; 4) strap or cantilever footing; 5) 

raft or mat foundations covering the whole foundation area (Bowles, 2001). 

A combined footing is necessary to support a column located very close to the edge of a property 

line so as not to invade the adjacent property. The combined footing can be a uniform thickness 

slab or an inverted T-beam. If the slab type of the combined footing is used to support two or more 

columns (typically two), the slab must have a rectangular, trapezoidal or T-shaped form when one 

column is loaded more than the other (Kurian, 2005; Punmia et al., 2007; Varghese, 2009). 

The ground pressure under a footing depends on the type of ground, the relative rigidity of the 

ground and the footing, and the depth of foundation at level of contact between footing and ground.  

Figure 1 shows the distribution of ground pressure under the footing according to the type of 

ground and the stiffness of the footing (Bowles, 2001). 

 

     

(a) Rigid  

footing on  

sandy ground 

(b) Rigid  

footing on  

clay ground 

(c) Flexible  

footing on  

sandy ground 

(d) Flexible  

footing on  

clay ground 

(e) Uniform 

distribution used 

 in design 

Figure 1. Soil pressure below of the footing 

 

Studies on foundation structures and mathematical models for footings have been successfully 

investigated in various geotechnical engineering problems. The main contributions of various 

researchers in the last decade are: “Behavior of repeatedly loaded rectangular footings resting on 

reinforced sand” (El Sawwaf and Nazir, 2010); “Nonlinear vibration of hybrid composite plates 

on elastic foundations” (Chen et al., 2011); “Stochastic design charts for bearing capacity of strip 

footings” (Shahin and Cheung, 2011); “Modified particle swarm optimization for optimum design 

of spread footing and retaining wall” (Khajehzadeh et al., 2011); “Design of isolated footings of 

rectangular form using a new model” (Luévanos-Rojas et al., 2013); “Design of isolated footings 

of circular form using a new model” (Luévanos-Rojas, 2014a); “Design of boundary combined 

footings of rectangular shape using a new model” (Luévanos-Rojas, 2014b); “Determination of 

the ultimate limit states of shallow foundations using gene expression programming (GEP) 

approach” (Tahmasebi poor et al., 2015); “Design of boundary combined footings of trapezoidal 

form using a new model” (Luévanos-Rojas, 2015); “New iterative method to calculate base stress 

of footings under biaxial bending” (Aydogdu, 2016); “A comparative study for the design of 

rectangular and circular isolated footings using new models” (Luévanos-Rojas, 2016a); “Influence 

of footings stiffness on punching resistance” (Fillo et al., 2016); “A new model for the design of 

rectangular combined boundary footings with two restricted opposite sides” (Luévanos-Rojas, 

2016b); “Structural design of isolated column footings” (Abdrabbo et al., 2016); “Optimal design 

for rectangular isolated footings using the real pressure on the ground” (Luévanos-Rojas et al., 
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2017a); “Experimental and finite element analyses of footings of varying shapes on sand” (Anil et 

al., 2017); “A comparative study for design of boundary combined footings of trapezoidal and 

rectangular forms using new models” (Luévanos-Rojas et al., 2017b); “Performance of isolated 

and folded footings” (El-kady and Badrawi, 2017); “Analysis and Design of Various Types of 

Isolated Footings” (Balachandar and Narendra Prasad, 2017); “A new model for T-shaped 

combined footings Part II: Mathematical model for design” (Luévanos-Rojas et al., 2018); 

“Punching shear resistance of reinforced concrete footings: evaluation of design codes” (Santos et 

al., 2018); “Soil foundation effect on the vibration response of concrete foundations using 

mathematical model” (Dezhkam and Yaghfoori, 2018); “Nonlinearity analysis in studying shallow 

grid foundation” (Ibrahim et al., 2018);  “Modeling for the strap combined footings Part II: 

Mathematical model for design” (Yáñez-Palafox et al., 2019); “Numerical method for analysis and 

design of isolated square footing under concentric loading” (Magade and Ingle, 2019). 

The document related to this work is: “Optimal dimensioning for the corner combined footings” 

to obtain only the minimum area of the contact surface between the ground and the footing (López-

Chavarría et al., 2017), but this document does not present the design of corner combined footings 

to obtain the effective depth (effective cant) and reinforcing steel. 

This document shows an analytical model for the design of corner combined footings subjected to 

an axial load and two orthogonal flexural moments for each column, and the ground pressure on 

the footing is presented in terms of the effects generated by each column, and the methodology is 

based on the principle that the integration of the shear force is the moment. The current design 

considers the maximum pressure at all contact points, because the center of gravity of the footing 

coincides with the position of the force resulting from the loads. This model is verified by 

equilibrium of shear forces and moments. The main advantage of the proposed model is to present 

the moment, the flexural shearing and the punching shearing by mean of analytical equations. 

Therefore, the proposed model will be the most appropriate, since it generates a better quality 

control in the resources used (labor, materials, minor equipment, etc.), because it adjusts to the 

conditions of the real pressure on the ground. 

 

2. FORMULATION OF THE PROPOSED MODEL 
 

The critical sections for footings according to the code are (ACI 318S-14, 2014): 1) The moment 

is located on the face of the column; 2) The flexural shearing is located at a distance “d” from the 

face of the column; 3) The punching shearing is presented at a distance of “d/2” in both directions. 

The axial load and two orthogonal flexural moments (biaxial flexure) of each column applied to 

the corner combined footing are shown in Figure 2(a). The pressure below of the corner combined 

footing that varies linearly, and stress at each vertex of the footing is presented in Figure 2(b). 

 

Figure 2. Corner combined footing 

 
 

(a)  Loads applied on the footing (b)  Pressure below of the footing 
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The stresses in the main direction (“X” and “Y” axes) are: 

 

𝜎(𝑥, 𝑦) =
𝑅

𝐴
+

𝑀𝑥𝑇𝑦

𝐼𝑥
+

𝑀𝑦𝑇𝑥

𝐼𝑦
 (1) 

 

where: R, MxT, MyT, A, Ix, and Iy are shown in (López-Chavarría et al., 2017).  

The stresses below of the column 2 (“X2” and “Y2” axes) are (see Figure 3): 

 

𝜎𝑃2
(𝑥, 𝑦) =

𝑃2

𝑤2𝑏1
+  

12[𝑀𝑥2 + 𝑃2(𝑏1 − 𝑐3)/2]𝑦

𝑤2𝑏1
3 + 

12𝑀𝑦2𝑥

𝑤2
3𝑏1

 (2) 

 

The stresses below of the column 3 (“X3” and “Y3” axes) are (see Figure 3): 

 

𝜎𝑃3
(𝑥, 𝑦) =

𝑃3

𝑤3𝑏2
+ 

12[𝑀𝑦3 + 𝑃3(𝑏2 − 𝑐1)/2]𝑥

𝑤3𝑏2
3 + 

12𝑀𝑥3𝑦

𝑤3
3𝑏2

 (3) 

 

where: w2 and w3 are the widths of the analysis surface in the columns 2 and 3: w2 = c2 + d, w3 = c4 

+ d. 

 

2.1 Flexural shearing and flexural moments 

 

The critical sections for flexural moments are presented on the axes: a’-a’, b’-b’, c’-c’, d’-d’, e’-

e’, f’-f’, g’-g’, h’-h’, i’-i’ and j’-j’ (see Figure 3). The critical sections for flexural shearing are 

presented on the axes: k’-k’, l’-l’, m’-m’, n’-n’, o’-o’, p’-p’, q’-q’ and r’-r’ (see Figure 4). 

 

  
Figure 3. Critical sections for flexural  

moments 

Figure 4. Critical sections for flexural 

shearing  
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Note: When the moments around the X axis are obtained, the moments around the Y axis are 

considered equal to zero. When the moments around the Y axis are obtained, the moments around 

the X axis do not influence. Because these are perpendicular axes between them.  

 

2.1.1 Flexural shearing and moments on an axis parallel to the “X2” axis of – b1/2 ≤ y2 ≤ b1/2 – 

c3/2 

Shear force “Vy2” is found through the pressure volume of the area formed by the “X2” axis with a 

width “w2 = c2 + d” and the free end (inner side) of the footing: 

 

𝑉𝑦2
= − ∫ ∫ 𝜎𝑃2

(𝑥, 𝑦)𝑑𝑥𝑑𝑦
𝑤2 2⁄

−𝑤2 2⁄

𝑦2

−𝑏1 2⁄

= − 
𝑃2[12(𝑏1 − 𝑐3)𝑦2

2 + 4𝑏1
2𝑦2 − 𝑏1

2(𝑏1 − 3𝑐3)]

4𝑏1
3 −  

3𝑀𝑥2(4𝑦2
2 − 𝑏1

2)

2𝑏1
3  

(4) 

 

The moment by integration of equation (4) with respect to “y2” is: 

 

𝑀𝑋2
= −

𝑃2𝑦2[4(𝑏1 − 𝑐3)𝑦2
2 + 2𝑏1

2𝑦2 − 𝑏1
2(𝑏1 − 3𝑐3)]

4𝑏1
3 −

𝑀𝑥2𝑦2(4𝑦2
2 − 3𝑏1

2)

2𝑏1
3 + 𝐶1 (5) 

 

where: MX2 is the moment around the “X2” axis, and Vy2 is the shear force at a distance “y2”. 

Now, substituting “y2 = − b1/2” and “MX2 = 0” into equation (5), we obtain the constant “C1”: 

 

𝐶1 =  
𝑃2(𝑏1 − 2𝑐3) + 4𝑀𝑥2

8
 (6) 

 

Substituting equation (6) into equation (5) and the generalized moment equation is presented as 

follows: 

 

𝑀𝑋2
= −

𝑃2𝑦2[4(𝑏1 − 𝑐3)𝑦2
2 + 2𝑏1

2𝑦2 − 𝑏1
2(𝑏1 − 3𝑐3)]

4𝑏1
3 −

𝑀𝑥2𝑦2(4𝑦2
2 − 3𝑏1

2)

2𝑏1
3

+  
𝑃2(𝑏1 − 2𝑐3) + 4𝑀𝑥2

8
 

(7) 

 

2.1.2 Flexural shearing and moments on an axis parallel to the “X” axis of yb – c3/2 ≤ y ≤ yb 

Shear force “Vy” is found through the pressure volume of the area formed by the “X” axis with a 

width “a” and the free end (top side) of the footing: 

 

𝑉𝑦 = − ∫ ∫ 𝜎(𝑥, 𝑦)𝑑𝑥𝑑𝑦
𝑥𝑏

𝑥𝑏−𝑎

𝑦𝑏

𝑦

= −
𝑅𝑎(𝑦𝑏 − 𝑦)

𝐴
−

𝑀𝑥𝑇𝑎(𝑦𝑏
2 − 𝑦2)

2𝐼𝑥
−

𝑀𝑦𝑇𝑎(2𝑥𝑏 − 𝑎)(𝑦𝑏 − 𝑦)

2𝐼𝑦
 

(8) 

 

The moment by integration of equation (8) with respect to “y” is: 

 

𝑀𝑋 = −
𝑅𝑎𝑦1(2𝑦𝑏 − 𝑦)

2𝐴
−

𝑀𝑥𝑇𝑎𝑦1(3𝑦𝑏
2 − 𝑦2)

6𝐼𝑥
+ 𝐶2 (9) 
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where: MX is the moment around the “X” axis, and Vy is the shear force at a distance “y”. 

Now, substituting “y = yb” and “MX = 0” into equation (9), we obtain the constant “C2”: 

 

𝐶2 =
𝑅𝑎𝑦𝑏

2

2𝐴
+

𝑀𝑥𝑇𝑎𝑦𝑏
3

3𝐼𝑥
 (10) 

 

Substituting equation (10) into equation (9) and the generalized moment equation is presented as 

follows: 

 

𝑀𝑋 =
𝑅𝑎(𝑦𝑏 − 𝑦)2

2𝐴
+

𝑀𝑥𝑇𝑎(2𝑦𝑏
3 − 3𝑦𝑏

2𝑦 + 𝑦3)

6𝐼𝑥
 (11) 

 

Substituting “y = yb − c3/2” into equation (11), we obtain the moment around the axis located in the 

center of column 1 and 2 “Mc3/2”: 

 

𝑀𝑐3/2 =
𝑅𝑎𝑐3

2

8𝐴
+

𝑀𝑥𝑇𝑎𝑐3
2(6𝑦𝑏 − 𝑐3)

48𝐼𝑥
 (12) 

 

2.1.3 Flexural shearing and moments on an axis parallel to the “X” axis of yb – b1 ≤ y ≤ yb – c3/2 

Shear force “Vy” is found through the pressure volume of the area formed by the “X” axis with a 

width “a” and the top side of the footing: 

 

𝑉𝑦 = 𝑃1 + 𝑃2 − ∫ ∫ 𝜎(𝑥, 𝑦)𝑑𝑥𝑑𝑦
𝑥𝑏

𝑥𝑏−𝑎

𝑦𝑏

𝑦

= 𝑃1 + 𝑃2 −
𝑅𝑎(𝑦𝑏 − 𝑦)

𝐴
−

𝑀𝑥𝑇𝑎(𝑦𝑏
2 − 𝑦2)

2𝐼𝑥
−

𝑀𝑦𝑇𝑎(2𝑥𝑏 − 𝑎)(𝑦𝑏 − 𝑦)

2𝐼𝑦
 

(13) 

 

The moment by integration of equation (13) with respect to “y” is: 

 

𝑀𝑋 = (𝑃1 + 𝑃2)𝑦 −
𝑅𝑎𝑦1(2𝑦𝑏 − 𝑦)

2𝐴
−

𝑀𝑥𝑇𝑎𝑦1(3𝑦𝑏
2 − 𝑦2)

6𝐼𝑥
+ 𝐶3 (14) 

 

Now, substituting “y = yb – c3/2” and “MX = Mc3/2 – Mx1 – Mx2” into equation (14), we obtain the 

constant “C3”: 

 

𝐶3 =
𝑅𝑎𝑦𝑏

2

2𝐴
+

𝑀𝑥𝑇𝑎𝑦𝑏
3

3𝐼𝑥
− (𝑃1 + 𝑃2) (𝑦𝑏 −

𝑐3

2
) − 𝑀𝑥1 − 𝑀𝑥2 (15) 

 

Substituting equation (15) into equation (14) and the generalized moment equation is presented as 

follows: 

 

𝑀𝑋 =
𝑅𝑎(𝑦𝑏 − 𝑦)2

2𝐴
+

𝑀𝑥𝑇𝑎(2𝑦𝑏
3 − 3𝑦𝑏

2𝑦 + 𝑦3)

6𝐼𝑥
− (𝑃1 + 𝑃2) (𝑦𝑏 − 𝑦 −

𝑐3

2
) − 𝑀𝑥1 − 𝑀𝑥2 (16) 
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Substituting “y = yb – b1” into equation (16), we obtain the moment around the b’-b’ axis “Mb1”: 

 

𝑀𝑏1
=

𝑅𝑎𝑏1
2

2𝐴
+

𝑀𝑥𝑇𝑎𝑏1
2(3𝑦𝑏 − 𝑏1)

6𝐼𝑥
− (𝑃1 + 𝑃2) (𝑏1 −

𝑐3

2
) − 𝑀𝑥1 − 𝑀𝑥2 

 

(17) 

2.1.4 Flexural shearing and moments on an axis parallel to the “X” axis of yb – L2 – c3/2 ≤ y ≤ 

yb – b1 

Shear force “Vy” is found through the pressure volume of the area formed by the “X” axis and the 

top side of the footing: 

 

𝑉𝑦 = 𝑃1 + 𝑃2 − ∫ ∫ 𝜎(𝑥, 𝑦)𝑑𝑥𝑑𝑦
𝑥𝑏

𝑥𝑏−𝑎

𝑦𝑏

𝑦𝑏−𝑏1

− ∫ ∫ 𝜎(𝑥, 𝑦)𝑑𝑥𝑑𝑦
𝑥𝑏

𝑥𝑏−𝑏2

𝑦𝑏−𝑏1

𝑦

= 𝑃1 + 𝑃2 −
𝑅[𝑎𝑏1 + 𝑏2(𝑦𝑏 − 𝑦 − 𝑏1)]

𝐴

−
𝑀𝑥𝑇{𝑎𝑏1(2𝑦𝑏 − 𝑏1) + 𝑏2[(𝑦𝑏 − 𝑏1)2 − 𝑦2]}

2𝐼𝑥

−
𝑀𝑦𝑇[𝑎𝑏1(2𝑥𝑏 − 𝑎) + 𝑏2(2𝑥𝑏 − 𝑏2)(𝑦𝑏 − 𝑦 − 𝑏1)]

2𝐼𝑦
 

(18) 

 

The moment by integration of equation (18) with respect to “y” is: 

 

𝑀𝑋 = (𝑃1 + 𝑃2)𝑦 −
𝑅𝑦[2𝑎𝑏1 + 𝑏2(2𝑦𝑏 − 𝑦 − 2𝑏1)]

2𝐴

−
𝑀𝑥𝑇𝑦{3𝑎𝑏1(2𝑦𝑏 − 𝑏1) + 𝑏2[3(𝑦𝑏 − 𝑏1)2 − 𝑦2]}

6𝐼𝑥
+ 𝐶4 

(19) 

 

Now, substituting “y = yb – b1” and “MX = Mb1” into equation (19), we obtain the constant “C4”: 

 

𝐶4 =
𝑅[𝑎𝑏1(2𝑦𝑏 − 𝑏1) + 𝑏2(𝑦𝑏 − 𝑏1)2]

2𝐴
+

𝑀𝑥𝑇[𝑎𝑏1(3𝑦𝑏
2 − 3𝑦𝑏𝑏1 + 𝑏1

2) + 𝑏2(𝑦𝑏 − 𝑏1)3]

3𝐼𝑥

− (𝑃1 + 𝑃2) (𝑦𝑏 −
𝑐3

2
) − 𝑀𝑥1 − 𝑀𝑥2 

(20) 

 

Substituting equation (20) into equation (19) and the generalized moment equation is presented as 

follows: 

 

𝑀𝑋 =
𝑅[𝑎𝑏1(2𝑦𝑏 − 2𝑦 − 𝑏1) + 𝑏2(𝑦𝑏 − 𝑦 − 𝑏1)2]

2𝐴
−

(𝑃1 + 𝑃2)(2𝑦𝑏 − 2𝑦 − 𝑐3)

2

+
𝑀𝑥𝑇𝑎𝑏1[2(3𝑦𝑏

2 − 3𝑦𝑏𝑏1 + 𝑏1
2) − 3𝑦(2𝑦𝑏 − 𝑏1)]

6𝐼𝑥

+
𝑀𝑥𝑇𝑏2[𝑦3 + (𝑦𝑏 − 𝑏1)2(2𝑦𝑏 − 3𝑦 − 2𝑏1)]

6𝐼𝑥
− 𝑀𝑥1 − 𝑀𝑥2 

(21) 
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Substituting “y = yb – L2 – c3/2” into equation (21), we obtain the moment around the axis located 

in the center of column 3 “ML2”: 

 

𝑀𝐿2
=

𝑅[𝑎𝑏1(2𝐿2 + 𝑐3 − 𝑏1) + 𝑏2(𝐿2 + 𝑐3/2 − 𝑏1)2]

2𝐴
− (𝑃1 + 𝑃2)𝐿2

+
𝑀𝑥𝑇𝑎𝑏1

2(3𝑦𝑏 − 𝑏1)

6𝐼𝑥
+

𝑀𝑥𝑇𝑏2[(𝑦𝑏 − 𝐿2 − 𝑐3/2)3 − (𝑦𝑏 − 𝑏1)3]

6𝐼𝑥

+
𝑀𝑥𝑇{3[𝑎𝑦𝑏

2 − (𝑎 − 𝑏2)(𝑦𝑏 − 𝑏1)2](𝐿2 + 𝑐3/2 − 𝑏1)}

6𝐼𝑥
− 𝑀𝑥1 − 𝑀𝑥2 

(22) 

 

2.1.5 Flexural shearing and moments on an axis parallel to the “X” axis of yb – b ≤ y ≤ yb – L2 

– c3/2 

Shear force “Vy” is found through the pressure volume of the area formed by the “X” axis and the 

top side of the footing: 

 

𝑉𝑦 = 𝑃1 + 𝑃2 + 𝑃3 − ∫ ∫ 𝜎(𝑥, 𝑦)𝑑𝑥𝑑𝑦
𝑥𝑏

𝑥𝑏−𝑎

𝑦𝑏

𝑦𝑏−𝑏1

− ∫ ∫ 𝜎(𝑥, 𝑦)𝑑𝑥𝑑𝑦
𝑥𝑏

𝑥𝑏−𝑏2

𝑦𝑏−𝑏1

𝑦

= 𝑅 −
𝑀𝑦𝑇[𝑎𝑏1(2𝑥𝑏 − 𝑎) + 𝑏2(2𝑥𝑏 − 𝑏2)(𝑦𝑏 − 𝑦 − 𝑏1)]

2𝐼𝑦

−
𝑅[𝑎𝑏1 + 𝑏2(𝑦𝑏 − 𝑦 − 𝑏1)]

𝐴
−

𝑀𝑥𝑇{𝑎𝑏1(2𝑦𝑏 − 𝑏1) + 𝑏2[(𝑦𝑏 − 𝑏1)2 − 𝑦2]}

2𝐼𝑥
 

(23) 

 

The moment by integration of equation (23) with respect to “y” is: 

 

𝑀𝑋 = 𝑅𝑦 −
𝑅[2𝑎𝑏1 + 𝑏2(2𝑦𝑏 − 𝑦 − 2𝑏1)]𝑦

2𝐴

−
𝑀𝑥𝑇[3𝑎𝑏1(2𝑦𝑏 − 𝑏1) + 𝑏2[3(𝑦𝑏 − 𝑏1)2 − 𝑦2]]𝑦

6𝐼𝑥
+ 𝐶5 

(24) 

 

Now, substituting “y = yb – L2 – c3/2” and “MX = ML2 – Mx3” into equation (24), we obtain the 

constant “C5”: 

 

𝐶5 =
𝑅[𝑎𝑏1(2𝑦𝑏 − 𝑏1) + 𝑏2(𝑦𝑏 − 𝑏1)2]

2𝐴
+

𝑀𝑥𝑇[𝑎𝑦𝑏
3 − (𝑎 − 𝑏2)(𝑦𝑏 − 𝑏1)3]

3𝐼𝑥
+ 𝑃3𝐿2

−
𝑅(2𝑦𝑏 − 𝑐3)

2
− 𝑀𝑥1 − 𝑀𝑥2 − 𝑀𝑥3 

(25) 

 

Substituting equation (25) into equation (24) and the generalized moment equation is presented as 

follows: 

 

𝑀𝑋 = 𝑃3𝐿2 −
𝑅[𝑏2𝑦(2𝑦𝑏 − 𝑦 − 2𝑏1) − 𝑎𝑏1(2𝑦𝑏 − 2𝑦 − 𝑏1) − 𝑏2(𝑦𝑏 − 𝑏1)2]

2𝐴

− 𝑅 (𝑦𝑏 − 𝑦 −
𝑐3

2
) +

𝑀𝑥𝑇[𝑎𝑦𝑏
3 − (𝑎 − 𝑏2)(𝑦𝑏 − 𝑏1)3]

3𝐼𝑥

−
𝑀𝑥𝑇{3𝑎𝑏1(2𝑦𝑏 − 𝑏1) + 𝑏2[3(𝑦𝑏 − 𝑏1)2 − 𝑦2]}𝑦

6𝐼𝑥
− 𝑀𝑥1 − 𝑀𝑥2 − 𝑀𝑥3 

(26) 
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In the next paragraphs we get the equations of the shear forces and generalized moments by the 

procedure used above. Therefore, the equations for shear forces and generalized moments are 

shown below. 

 

2.1.6 Flexural shearing and moments on an axis parallel to the “Y3” axis of – b2/2 ≤ x3 ≤ b2/2 – 

c1/2 

 

𝑉𝑥3
= − ∫ ∫ 𝜎𝑃3

(𝑥, 𝑦)𝑑𝑥𝑑𝑦
𝑥3

−𝑏2 2⁄

𝑤3 2⁄

−𝑤3 2⁄

= − 
𝑃3[12(𝑏2 − 𝑐1)𝑥3

2 + 4𝑏2
2𝑥3 − 𝑏2

2(𝑏2 − 3𝑐1)]

4𝑏2
3 −  

3𝑀𝑦3(4𝑥3
2 − 𝑏2

2)

2𝑏2
3  

(27) 

 

𝑀𝑌3
= −

𝑃3𝑥3[4(𝑏2 − 𝑐1)𝑥3
2 + 2𝑏2

2𝑥3 − 𝑏2
2(𝑏2 − 3𝑐1)]

4𝑏2
3 −

𝑀𝑦3𝑥3(4𝑥3
2 − 3𝑏2

2)

2𝑏2
3

+  
𝑃3(𝑏2 − 2𝑐1) + 4𝑀𝑦3

8
 

(28) 

 

2.1.7 Flexural shearing and moments on an axis parallel to the “Y” axis of xb – c1/2 ≤ x ≤ xb 

 

𝑉𝑥 = − ∫ ∫ 𝜎(𝑥, 𝑦)𝑑𝑥𝑑𝑦
𝑥𝑏

𝑥

𝑦𝑏

𝑦𝑏−𝑏

= −
𝑅𝑏(𝑥𝑏 − 𝑥)

𝐴
−

𝑀𝑥𝑇𝑏(2𝑦𝑏 − 𝑏)(𝑥𝑏 − 𝑥)

2𝐼𝑥
−

𝑀𝑦𝑇𝑏(𝑥𝑏
2 − 𝑥2)

2𝐼𝑦
 

(29) 

 

𝑀𝑌 =
𝑅𝑏(𝑥𝑏 − 𝑥)2

2𝐴
+

𝑀𝑦𝑇𝑏(2𝑥𝑏
3 − 3𝑥𝑏

3𝑥 + 𝑥3)

6𝐼𝑦
 (30) 

 

2.1.8 Flexural shearing and moments on an axis parallel to the “Y” axis of xb – b2 ≤ x ≤ xb – c1/2 

 

𝑉𝑥 = 𝑃1 + 𝑃3 − ∫ ∫ 𝜎(𝑥, 𝑦)𝑑𝑥𝑑𝑦
𝑥𝑏

𝑥

𝑦𝑏

𝑦𝑏−𝑏

= 𝑃1 + 𝑃3 −
𝑅𝑏(𝑥𝑏 − 𝑥)

𝐴
−

𝑀𝑥𝑇𝑏(2𝑦𝑏 − 𝑏)(𝑥𝑏 − 𝑥)

2𝐼𝑥
−

𝑀𝑦𝑇𝑏(𝑥𝑏
2 − 𝑥2)

2𝐼𝑦
 

(31) 

 

𝑀𝑌 =
𝑅𝑏(𝑥𝑏 − 𝑥)2

2𝐴
+

𝑀𝑦𝑇𝑏(2𝑥𝑏
3 − 3𝑥𝑏

2𝑥 + 𝑥3)

6𝐼𝑦
− (𝑃1 + 𝑃3) (𝑥𝑏 − 𝑥 −

𝑐1

2
) − 𝑀𝑦1 − 𝑀𝑦3 (32) 
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2.1.9 Flexural shearing and moments on an axis parallel to the “Y” axis of xb – L1 – c1/2 ≤ x ≤ 

xb – b2 

 

𝑉𝑥 = 𝑃1 + 𝑃3 − ∫ ∫ 𝜎(𝑥, 𝑦)𝑑𝑥𝑑𝑦
𝑥𝑏

𝑥𝑏−𝑏2

𝑦𝑏

𝑦𝑏−𝑏

− ∫ ∫ 𝜎(𝑥, 𝑦)𝑑𝑥𝑑𝑦
𝑥𝑏−𝑏2

𝑥

𝑦𝑏

𝑦𝑏−𝑏1

= 𝑃1 + 𝑃3 −
𝑅[𝑏𝑏2 + 𝑏1(𝑥𝑏 − 𝑥 − 𝑏2)]

𝐴

−
𝑀𝑥𝑇[𝑏𝑏2(2𝑦𝑏 − 𝑏) + 𝑏1(2𝑦𝑏 − 𝑏1)(𝑥𝑏 − 𝑥 − 𝑏2)]

2𝐼𝑥

−
𝑀𝑦𝑇{𝑏𝑏2(2𝑥𝑏 − 𝑏2) + 𝑏1[(𝑥𝑏 − 𝑏2)2 − 𝑥2]}

2𝐼𝑦
 

(33) 

 

𝑀𝑌 =
𝑅[𝑏𝑏2(2𝑥𝑏 − 2𝑥 − 𝑏2) + 𝑏1(𝑥𝑏 − 𝑥 − 𝑏2)2]

2𝐴
−

(𝑃1 + 𝑃3)(2𝑥𝑏 − 2𝑥 − 𝑐1)

2

+
𝑀𝑦𝑇𝑏𝑏2[2(3𝑥𝑏

2 − 3𝑥𝑏𝑏2 + 𝑏2
2) − 3𝑥(2𝑥𝑏 − 𝑏2)]

6𝐼𝑦

+
𝑀𝑦𝑇𝑏1[𝑥3 + (𝑥𝑏 − 𝑏2)2(2𝑥𝑏 − 3𝑥 − 2𝑏2)]

6𝐼𝑦
− 𝑀𝑦1 − 𝑀𝑦3 

(34) 

 

2.1.10 Flexural shearing and moments on an axis parallel to the “Y” axis of xb – a ≤ x ≤ xb – L1 

– c1/2 

 

𝑉𝑥 = 𝑃1 + 𝑃2 + 𝑃3 − ∫ ∫ 𝜎(𝑥, 𝑦)𝑑𝑥𝑑𝑦
𝑥𝑏

𝑥𝑏−𝑏2

𝑦𝑏

𝑦𝑏−𝑏

− ∫ ∫ 𝜎(𝑥, 𝑦)𝑑𝑥𝑑𝑦
𝑥𝑏−𝑏2

𝑥

𝑦𝑏

𝑦𝑏−𝑏1

= 𝑅 −
𝑀𝑥𝑇[𝑏𝑏2(2𝑦𝑏 − 𝑏) + 𝑏1(2𝑦𝑏 − 𝑏1)(𝑥𝑏 − 𝑥 − 𝑏2)]

2𝐼𝑥

−
𝑀𝑦𝑇{𝑏𝑏2(2𝑥𝑏 − 𝑏2) + 𝑏1[(𝑥𝑏 − 𝑏2)2 − 𝑥2]}

2𝐼𝑦
−

𝑅[𝑏𝑏2 + 𝑏1(𝑥𝑏 − 𝑥 − 𝑏2)]

𝐴
 

(35) 

 

𝑀𝑌 = 𝑃2𝐿1 −
𝑅[𝑏1𝑥(2𝑥𝑏 − 𝑥 − 2𝑏2) − 𝑏𝑏2(2𝑥𝑏 − 2𝑥 − 𝑏2) − 𝑏1(𝑥𝑏 − 𝑏2)2]

𝐴

− 𝑅 (𝑥𝑏 − 𝑥 −
𝑐1

2
) +

𝑀𝑦𝑇[𝑏𝑥𝑏
3 − (𝑏 − 𝑏1)(𝑥𝑏 − 𝑏2)3]

3𝐼𝑦

−
𝑀𝑦𝑇{3𝑏𝑏2(2𝑥𝑏 − 𝑏2) + 𝑏1[3(𝑥𝑏 − 𝑏2)2 − 𝑥2]}𝑥

6𝐼𝑦
− 𝑀𝑦1 − 𝑀𝑦2 − 𝑀𝑦3     

(36) 

 

2.2 Punching shearing 

The critical sections for punching shearing are shown in Figure 5. 

 

2.2.1 Punching shearing for the corner column (column 1)  

The critical section for column 1 is presented at the perimeter formed by points 1, 7, 8 and 9 of the 

footing (see Figure 5). The punching shearing is obtained by the axial load of column 1 minus the 

pressure volume of the area delimited by points 1, 7, 8 and 9: 
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𝑉𝑝1 = 𝑃1 − ∫ ∫ 𝜎(𝑥, 𝑦)𝑑𝑥𝑑𝑦
𝑥𝑏

𝑥𝑏−𝑐1−𝑑 2⁄

𝑦𝑏

𝑦𝑏−𝑐3−𝑑 2⁄

= 𝑃1 −
𝑀𝑥𝑇(2𝑦𝑏 − 𝑐3 − 𝑑/2)(𝑐1 + 𝑑/2)(𝑐3 + 𝑑/2)

2𝐼𝑥

−
𝑀𝑦𝑇(2𝑥𝑏 − 𝑐1 − 𝑑/2)(𝑐1 + 𝑑/2)(𝑐3 + 𝑑/2)

2𝐼𝑦
−

𝑅(𝑐1 + 𝑑/2)(𝑐3 + 𝑑/2)

𝐴
 

(37) 

 

 
Figure 5. Critical sections for punching shearing 

 

2.2.2 Punching shearing for the column of a limit (column 2)  

The critical section for column 2 is presented at the perimeter formed by points 10, 11, 12 and 13 

of the footing (see Figure 5). The punching shearing is obtained by the axial load of column 2 

minus the pressure volume of the area delimited by points 10, 11, 12 and 13: 

 

𝑉𝑝2 = 𝑃2 − ∫ ∫ 𝜎(𝑥, 𝑦)𝑑𝑥𝑑𝑦
𝑥𝑏−𝐿1−(𝑐1−𝑐2) 2⁄ +𝑑 2⁄

𝑥𝑏−𝐿1−(𝑐1+𝑐2) 2⁄ −𝑡

𝑦𝑏

𝑦𝑏−𝑐3−𝑑 2⁄

= 𝑃2 −
𝑀𝑦𝑇(𝑐2 + 𝑑/2 + 𝑡)(𝑐3 + 𝑑/2)(2𝑥𝑏 − 2𝐿1 − 𝑐1 + 𝑑/2 − 𝑡)

2𝐼𝑦

−
𝑀𝑥𝑇(𝑐2 + 𝑑/2 + 𝑡)(𝑐3 + 𝑑/2)(2𝑦𝑏 − 𝑐3 − 𝑑/2)

2𝐼𝑥

−
𝑅(𝑐2 + 𝑑/2 + 𝑡)(𝑐3 + 𝑑/2)

𝐴
 

(38) 

 

Note: when d/2 ≤ a – L1 – (c1 + c2)/2 → t = d/2, and when d/2 > a – L1 – (c1 + c2)/2 → t = a – L1 – 

(c1 + c2)/2. 
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2.2.3 Punching shearing for the column of a limit (column 3)  

The critical section for column 3 is presented at the perimeter formed by points 14, 15, 16 and 17 

of the footing (see Figure 5). The punching shearing is obtained by the axial load of column 3 

minus the pressure volume of the area delimited by points 14, 15, 16 and 17: 

 

𝑉𝑝3 = 𝑃3 − ∫ ∫ 𝜎(𝑥, 𝑦)𝑑𝑥𝑑𝑦
𝑥𝑏

𝑥𝑏−𝑐1−𝑑 2⁄

𝑦𝑏−𝐿2−(𝑐3−𝑐4) 2⁄ +𝑑 2⁄

𝑦𝑏−𝐿2−(𝑐3+𝑐4) 2⁄ −𝑠

= 𝑃3 −
𝑀𝑥𝑇(𝑐4 + 𝑑/2 + 𝑠)(𝑐1 + 𝑑/2)(2𝑦𝑏 − 2𝐿2 − 𝑐3 + 𝑑/2 − 𝑠)

2𝐼𝑥

−
𝑀𝑦𝑇(𝑐4 + 𝑑/2 + 𝑠)(𝑐1 + 𝑑/2)(2𝑥𝑏 − 𝑐1 − 𝑑/2)

2𝐼𝑦

−
𝑅(𝑐4 + 𝑑/2 + 𝑠)(𝑐1 + 𝑑/2)

𝐴
 

(39) 

 

Note: when d/2 ≤ b – L2 – (c3 + c4)/2 → s = d/2, and when d/2 > b – L2 – (c3 + c4)/2 → t = b – L2 – 

(c3 + c4)/2. 

 

3. VERIFICATION OF THE PROPOSED MODEL 

 
The model proposed in this document is verified as follows: 

1.- For flexural moments on the X2 and X axes: When “y2 = − b1/2” is substituted into equation (7) 

we obtain MX2 = 0, if “y = yb” is substituted into equation (11) we obtain MX = 0, and substituting 

“y = yb − b” into equation (26) we obtain MX = 0. Therefore, the equations for the moments on the 

X2 and X axes satisfy the equilibrium. 

2.- For flexural moments on the Y3 and Y axes: When “x3 = − b2/2” is substituted into equation 

(28) we obtain MY3 = 0, if “x = xb” is substituted into equation (30) we obtain MY = 0, and 

substituting “x = xb − a” into equation (36) we obtain MY = 0. Therefore, the equations for the 

moments on the Y3 and Y axes satisfy the equilibrium. 

3.- For flexural shearing on the X2 and X axes: When “y2 = − b1/2” is substituted into equation (4) 

we obtain Vy2 = 0, if “y = yb” is substituted into equation (8) we obtain Vy = 0, and substituting “y 

= yb − b” into equation (23) we obtain Vy = 0. Therefore, the equations for the flexural shearing on 

the X2 and X axes satisfy the equilibrium. 

4.- For flexural shearing on the Y3 and Y axes: When “x3 = − b2/2” is substituted into equation (27) 

we obtain Vx3 = 0, if “x = xb” is substituted into equation (29) we obtain Vx = 0, and substituting “x 

= xb − a” into equation (35) we obtain Vx = 0. Therefore, the equations for the flexural shearing on 

the Y3 and Y axes satisfy the equilibrium. 

 

4. APPLICATION OF THE PROPOSED MODEL 
 

The design of a corner combined footing that supports three square columns is shown below with 

the following information: the three columns are of 40x40 cm, L1 = 5.00 m, L2 = 5.00 m,  H (depth 

of the footing) = 2.0 m, PD1 = 300 kN, PL1 = 200 kN, MDx1 = 80 kN-m, MLx1 = 70 kN-m, MDy1 = 

120 kN-m, MLy1 = 80 kN-m, PD2 = 600 kN, PL2 = 400 kN, MDx2 = 160 kN-m, MLx2 = 140 kN-m, 

MDy2 = 120 kN-m, MLy2 = 80 kN-m, PD3 = 500 kN, PL3 = 400 kN, MDx3 = 120 kN-m, MLx3 = 80 kN-

m, MDy3 = 150 kN-m, MLy3 = 100 kN-m,  f’c = 28 MPa, fy = 420 MPa, qa = 252 kN/m2, γc (concrete 

density) = 24 kN/m3, γs (ground fill density) = 15 kN/m3. 
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The loads and moments acting on the corner combined footing are: P1 = 500 kN-m, Mx1 = 150 kN-

m, My1 = 200 kN-m, P2 = 1000 kN, Mx2 = 300 kN-m, My2 = 200 kN-m, P3 = 900 kN, Mx3 = 200 kN-

m, My3 = 250 kN-m. 

The available load capacity of the ground is assumed of σmáx = 213.00 kN/m2, because at the load 

capacity of the ground “qa” is subtracted from the weight of the footing (γc by the thickness of the 

footing), and the weight of the filling of the ground (γs by the thickness of the filling). 

Substituting σmáx, L1, L2, P1, Mx1, My1, P2, Mx2, My2, P3, Mx3, My3 into equations (30) to (42) from 

work (López-Chavarría et al. 2017), and the solution by MAPLE-15 software is: Amin = 11.31 m2, 

MxT = − 8.65 kN-m, MyT = 9.49 kN-m, R = 2400 kN, a = 6.36 m, b = 5.95 m, b1 = 1.00 m, b2 = 1.00 

m, σ1 = 211.31 kN/m2, σ2 = 212.75 kN/m2, σ3 = 211.78 kN/m2, σ4 = 213.00 kN/m2, σ5 = 212.77 kN/m2, 

σ6 = 213.00 kN/m2. 

The practical dimensions of the corner combined footing that supports three square columns are: a 

= 6.40 m, b = 6.00 m, b1 = 1.00 m, b2 = 1.00 m. Now, the practical dimensions to verify the stresses 

are substituted in the same software MAPLE-15, and the solution is: Amin = 11.40 m2, MxT = 27.89 

kN-m, MyT = 7.89 kN-m, R = 2400 kN, a = 6.40 m, b = 6.00 m, b1 = 1.00 m, b2 = 1.00 m, σ1 = 212.30 

kN/m2, σ2 = 211.11 kN/m2, σ3 = 211.34 kN/m2, σ4 = 210.34 kN/m2, σ5 = 207.68 kN/m2, σ6 = 207.49 

kN/m2. 

The geometric properties of the footing are: xb = 2.02 m, yb = 1.82 m, Ix = 36.21 m4, Iy = 42.73 m4. 

The factorized loads and moments acting on the footing are: Pu1 = 680 kN, Mux1 = 208 kN-m, Muy1 

= 272 kN-m, Pu2 = 1360 kN, Mux2 = 416 kN-m, Muy2 = 272 kN-m, Pu3 = 1240 kN, Mux3 = 272 kN-m, 

Muy3 = 340 kN-m. The resulting loads and moments factorized by equations (31) to (33) (López-

Chavarría et al., 2017) are obtained: Ru = 3280 kN, MuxT = − 4.21 kN-m, MuyT = 39.79 kN-m. 

The moment on the a’-a’ axis by equation (7) is obtained “Ma’ = 289.15 kN-m” in y2 = b1/2 – c3. 

The moment on the b’-b’ axis by equation (16) is obtained “Mb’ = − 1335.85 kN-m” in y = yb – b1. 

Now, substituting the corresponding values into equation (21) and deriving with respect to “y”, this 

is equal to zero to obtain the position the maximum moment “ym = 0.12 m”, subsequently, it is 

substituted in equation (21), and the moment is obtained “Mc’ = − 1405.08 kN-m”. The moment on 

the d’-d’ axis by equation (21) is obtained “Md’ = 168.08 kN-m” in y = yb – L2 – c3/2 + c4/2. The 

moment on the e’-e’ axis by equation (26) is obtained “Me’ = 51.87 kN-m” in y = yb – L2 – c3/2 – 

c4/2.  

The moment on the f’-f’ axis by equation (28) is obtained “Mf’ = 238.18 kN-m” in x3 = b2/2 – c1. 

The moment on the g’-g’ axis by equation (32) is obtained “Mg’ = − 1280.14 kN-m” in x = xb – b2. 

Now, substituting the corresponding values into equation (34) and deriving with respect to “x”, this 

is equal to zero to obtain the position the maximum moment “xm = 0.37 m”, subsequently, it is 

substituted in equation (34), and the moment is obtained “Mh’ = − 1339.60 kN-m”. The moment on 

the i’-i’ axis by equation (34) is obtained “Mi’ = 278.39 kN-m” in x = xb – L1 – c1/2 + c2/2. The 

moment on the j’-j’ axis by equation (36) is obtained “Mj’ = 141.97 kN-m” in x = xb – L1 – c1/2 – 

c2/2.  

The effective cant below column 2 is: 18.33 cm. The effective cant for the maximum moment “Mc’” 

is: 46.42 cm. The effective cant below column 3 is: 16.63 cm. The effective cant for the maximum 

moment “Mh’” is: 45.32 cm. The effective cant after several proposals is: d = 92.00 cm, r = 8.00 

cm and t = 100 cm. 

Table 1 shows the flexural shearing acting on the footing and those resisted by the concrete 

according to the code (ACI 318S-14).     
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Table 1. Flexural shearing. 

Axes Coordinates 
Analysis width 

cm 

Flexural shearing 

Acting 

kN 

Resisted 

kN 

k’ y2 = b1/2 – c3 – d 132 0* 928.56 

l’ y = yb – c3 – d 100 114.14 703.45 

m’ y = yb – c3/2 – L2 + c4/2 + d 100 – 684.15 703.45 

n’ y = yb – c3/2 – L2 – c4/2 – d 100 0* 703.45 

o’ x3 = b2/2 – c1 – d 132 0* 928.56 

p’ x = xb – c1 – d 100 92.11 703.45 

q’ x = xb – c1/2 – L1 + c2/2 + d 100 – 699.81 703.45 

r’ y = yb – c3/2 – L2 – c4/2 – d 100 22.68 703.45 

* The axis is located outside the footing area. 

      

Table 2 shows the punching shearing acting on the footing and those resisted by the concrete 

according to the code (ACI 318S-14).      

 

Table 2. Punching shearing. 

Column  Critical perimeter 

Punching shearing 

Acting 

kN 

Resisted 

kN 

1 b0 = c1 + c3 + d 466.23 3629.81 7500.95 2348.70 

2 b0 = c2 + 2c3 + 2d 1036.93 6415.49 13112.93 4151.20 

3 b0 = 2c1 + c4 + 2d 911.26 6415.49 13112.93 4151.20 

 

Table 3 shows the reinforcing steel of the corner combined footing (ACI 318S-14). 

 

Table 3. Reinforcing steel of the footing. 

Reinforcing steel 
Area 

cm2 

Direction 

of the  

“Y” axis 

Steel on the top with a width 

 b2 

Main steel 42.10 

Minimum steel 30.67 

Steel proposed 45.63 (9Ø1”) 

Steel on the top with a width 

a − b2 

Steel by temperature 97.20 

Steel proposed 99.75 (35Ø3/4”) 

Steel at the bottom with a width  

b2 

Main steel 4.86 

Minimum steel 30.67 

Steel proposed 35.49 (7Ø1”) 

Steel below of the column 2 with a 

width w2 

Main steel 8.37 

Minimum steel 40.48 

Steel proposed 42.75 (15Ø3/4”) 

Steel at the bottom with a width 

a − b2 − w2 

Steel by temperature 73.44 

Steel proposed 74.10 (26Ø3/4”) 

Direction 

of the  

“X” axis 

Steel on the top with a width 

 b1 

Main steel 40.06 

Minimum steel 30.67 

Steel proposed 40.56 (8Ø1”) 

Steel on the top with a width Steel by temperature 90.00 
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b – b1 Steel proposed 91.20 (32Ø3/4”) 

Steel at the bottom with a width 

b1 

Main steel 8.07 

Minimum steel 30.67 

Steel proposed 35.49 (7Ø1”) 

Steel below of the column 3 with a 

width w3 

Main steel 6.88 

Minimum steel 40.48 

Steel proposed 42.75 (15Ø3/4”) 

Steel at the bottom with a width 

b – b1 – w3 

Steel by temperature 66.24 

Steel proposed 68.40 (24Ø3/4”) 

 

The effects that govern the thickness of the footings are the moments, the flexural shearing and the 

punching shearing, and the reinforcing steel is designed by the moments. For the thickness of the 

numerical example, it governs by the flexural shearing on the q’-q’ axis (see Table 1). 

Table 4 shows the minimum development length for deformed bars “ld” and the available length 

“la”.  

Thus, the available length is greater than the minimum development length in both directions (top 

and bottom) (see Table 4). Therefore, the hooks are not necessary for the corner combined footing. 

 

Table 4. Minimum development length and available length. 

Location of steel ψt ψe = λ 
Development length 

cm 

Available length 

Direction of the  

“X” axis  

cm 

Direction of the  

“Y” axis  

cm 

Top  1.3 1.0 154.17 165 170 

Bottom  1.0 1.0 96.00 140 100 

 

Figure 6 shows in detail the reinforcing steel and the dimensions of the corner combined footing. 

 

  
Figure 6. Final design of the corner combined footing 
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5. CONCLUSIONS 
 

The new model presented in this work is applied only for the design of corner combined footings. 

The assumptions are: the structural member is rigid and the ground that supports the footing is 

elastic and homogeneous, which complies with the expression of the biaxial flexure, i.e., the 

pressure varies linearly. 

The new model presented in this document concludes the following: 

1.- The thickness for the corner combined footings is governed by the flexural shearing, and the 

isolated footings are governed by the punching shearing. 

2.- The new model is not limited, whereas the current design assumes that the maximum pressure 

at all contact points, i.e., the force resulting from the applied loads coincides with the position of 

the geometric center of the footing.  

3.- The new model is more suited to real conditions with respect to the current design, because the 

new model takes into account the linear pressure of the ground and the current design considers 

the uniform pressure in all the contact surface and this is the maximum pressure. 

4.- The new model for the design of corner combined footings subject to axial load and two 

moments in orthogonal directions due to each column considers two restricted property lines, but 

it can be applied to three property lines.  

The new model shown in this work in terms of the applied loads due to each column can be applied 

to: 1) Load without moments, 2) Load and a moment (uniaxial flexure), 3) Load and two orthogonal 

moments (biaxial flexure).  

Therefore, the proposed model is the most appropriate, since it generates better quality control in 

the resources used. 

Important issues for future research may be: 1) A continuation of this work will be to formulate the 

minimum cost for the corner combined footings; 2) When the corner combined footings support 

more than two columns in each direction; 3) The proposed model can be expanded to design 

foundation slabs; 4) When the footing rests on another type of ground, by example on totally clayey 

grounds (cohesive grounds) or on totally sandy grounds (granular grounds), the pressure diagram 

is different from the linear and the diagram could be parabolic (see Figure 1). 
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