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ABSTRACT

This paper presents the complete design for RCFs (rectangular combined footings), assuming that the
contact area with the soil is partially compressed. The formulation is carried out by integration to
determine the moments, flexural shearing and punching shearing for all possible cases for footings
under biaxial and uniaxial flexion. Numerical studies are presented to determine the design of this type
of foundation. The proposed model offers significant savings in concrete and steel volumes compared
to the current model, if the resultant force is located outside the central nucleus. Therefore, the proposed
model should be used, because it offers better quality in the control of the resources used.

Keywords: complete design; rectangular combined footings; moments; flexural shearing; punching
shearing.
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Disefio completo para zapatas combinadas rectangulares asumiendo que el
area de contacto con el suelo esta parcialmente comprimida.

RESUMEN

Este trabajo presenta el disefio completo para ZCRs (zapatas combinadas rectangulares),
asumiendo que la superficie de contacto con el suelo estd parcialmente comprimida. La
formulacion se lleva a cabo por integracion para determinar los momentos, los cortantes por
flexion y los cortantes por punzonamiento para todos los casos posibles para zapatas bajo flexion
biaxial y uniaxial. Los estudios numéricos se presentan para determinar el disefio de este tipo de
zapatas. El modelo propuesto presenta un ahorro significativo en los volimenes de acero y
concreto que el modelo actual, si la fuerza resultante se localiza fuera del nucleo central. Por lo
tanto, el modelo propuesto se debe de utilizar, porque presenta mejor calidad en el control de los
recursos utilizados.

Palabras clave: disefio completo; zapatas combinadas rectangulares; momentos; cortantes por
flexion; cortantes por punzonamiento.

Dimensionamento completo de sapatas combinadas retangulares,
considerando que a area de contato com o solo esta parcialmente comprimida.

RESUMO

Este trabalho apresenta o dimensionamento completo de ZCRs (sapatas combinadas retangulares),
considerando que a superficie de contato com o solo esta parcialmente comprimida. A formulacao
¢ desenvolvida por meio de integragdo para determinar os momentos, os esforcos cortantes por
flexdo e os esforcos cortantes por puncao para todos os casos possiveis de sapatas submetidas a
flexao biaxial e uniaxial. S3o apresentados estudos numéricos para determinar o dimensionamento
desse tipo de sapata. O modelo proposto apresenta uma economia significativa nos volumes de
aco e concreto em comparacao com o modelo atual, quando a forga resultante esta localizada fora
do nucleo central. Portanto, recomenda-se a utilizagdo do modelo proposto, uma vez que
proporciona melhor controle e otimizacao dos recursos empregados.

Palavras-chave: dimensionamento completo; sapatas combinadas retangulares; momentos;
esforcos cortantes por flexao; esforgos cortantes por pungao.
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1. INTRODUCTION

The dimensions of the footings also depend on the size and type of structure to be built. Proper
footing placement is crucial to provide adequate support for the foundation and, ultimately, for the
structure.

Shallow foundations must meet certain design requirements:

Safety against the load-bearing capacity, that is, exceeding the shear strength of the underlying soil;
Control of excessive settlements that may damage the overlying structure or affect functionality.
The soil bearing capacity has been studied for shallow foundations under biaxial flexure, which
considers a linear distribution of soil pressure and a partially compressed contact surface (Peck et
al., 1974; Teng, 1979; Highter y Anders, 1985; Vitone y Valsangkar, 1986; Irles-Mas y Irles-Mas,
1992; Algin, 2000, 2001, 2007; Young y Budynas, 2002; Ozmen, 2011; Rodriguez-Gutierrez y
Aristizabal-Ochoa, 2004, 2013a, b; Lee et al., 2015; Kaur y Kumar, 2016; Bezmalinovic Colleoni,
2016; Dagdeviren, 2016; Aydogdu, 2016; Girgin, 2017; Al-Gahtani y Adekunle, 2019; Galvis y
Smith-Pardo, 2020; Rawat et al., 2020; Lezgy-Nazargah et al., 2022; Gor, 2022).

The most important contributions to determine the minimum area and its dimensions on footings
that take into account the contact surface with the soil is partially compressed: for isolated
rectangular footings (Vela-Moreno et al., 2022) and circular footings (Soto-Garcia et al., 2022;
Luévanos-Soto et al., 2024a), and for ZCRs (Montes-Paramo et al., 2023), in the shape of a T
(Luévanos-Rojas et al., 2025), and corner (Luévanos-Rojas, 2025a, b).

The most recent research on complete designs for footings that take into account the contact area
with the soil is partially compressed are: for rectangular isolated footings (Luévanos-Rojas, 2023)
and circular footings (Kim-Sanchez et al., 2022; Luévanos-Soto et al., 2024b).

Studies on the design of RCFs under uniaxial and biaxial flexure that consider a linear distribution
of soil pressure have been studied by several researchers (Konapure y Vivek, 2013; Vivek et al.,
2014; Luévanos-Rojas, 2014; Luévanos-Rojas, 2016a, b; Luévanos-Rojas et al., 2017, 2020; Ravi
Kumar Reddy et al., 2018; Velazquez-Santillan et al., 2018). All these works take into account that
the contact area with the ground is fully compressed.

According to the literature review, the closest contributions to the topic addressed in this work are:
for rectangular isolated footings by Luévanos-Rojas (2023) and circular footings (Kim-Sanchez et
al., 2022; Luévanos-Soto et al., 2024b). Therefore, there is no relation to the complete design theme
for RCFs under uniaxial and biaxial flexure considering the contact area with the ground is partially
compressed.

This document shows the complete design of RCFs to determine the thickness and areas of
transverse and longitudinal steel, assuming that the contact area with the soil is partially
compressed, taking into account that the sides and minimum area are known by Montes-Paramo et
al. (2023). Numerical examples for biaxial flexure are shown for the four types of constraints in
the Y-axis direction (unconstrained, constrained in column 1, constrained in column 2, constrained
in both columns) for L = 6.00 and 7.00 m. Numerical examples for uniaxial flexure are shown for
two cases: 1) When the loads are located on the Y-axis (Y-case). 2) When the loads are located on
the X-axis (X-case). A comparison is also made between the current model and the model proposed
in this article to observe the differences. This model will be of great help to building contractors,
as it offers better quality control over the resources used (labor, materials, small equipment, etc.)
because it adapts to the actual soil conditions. Therefore, it leads to greater savings in these types
of structural elements.
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2. FORMULATION OF THE PROPOSED MODEL

Figure 1 shows a rigid RCF under an axial load, a moment about the X-axis, and a moment about
the Y-axis at each column.

Figure 1. RCF subjected to biaxial flexure.
Source: Own elaboration

Rigid RCFs deform in a flat shape, that is, the soil pressure distribution diagram is assumed to be
linear under the footing.

The general equations for bending of RCFs due to factored loads are (Montes-Paramo et al. 2023):
Biaxial flexure:

The pressure in the main direction (Y-axis) is:

R,  12My,ry 12Myyrx
Lyly * L,L)* LL,

o, (x,y) = (1)

The pressure in the direction transverse to the main direction (X axis), for P,; on the X; and Y}
axes is:

Pul 12]\/qulyl + 12lvluylxl

LxW1 Lle3 Lx3W1

)

oyup1(X1,¥1) =

The pressure in the direction transverse to the main direction (Y axis), for P,z on the X> and Y>
axes is:

Puz 12Mux2y2 + 121\4uyzxz

LxWZ LxW23 Lx3W2

)

Oyup2(X2,¥2) =

Uniaxial flexure (R, is located on the Y axis):
The pressure for each case is obtained by substituting M,,;, M,,> and M,,r = 0 into equations (1)-

3).
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Uniaxial flexure (R, is located on the X axis):

The pressure for each case is obtained by substituting M1, M2 and M. = 0 into equations (1)-
(3).

where: o, o.p1 and oyp2 are the ultimate pressures generated by the soil at any point on the footing,
R, (ultimate resultant force) = P,; + P.2, Pu1 and P, are the ultimate axial loads applied to the
footing due to the columns 1 and 2, (x, »), (x1, y1), (x2, ¥2) are the coordinates where the ultimate
pressure generated by the soil corresponding to the axes of analysis is located, Ly and L, are the
sides of the footing, M, (ultimate resultant moment about the X-axis) = Mux; + Mux2 + Pur (L)/2
—Ly1) — Pu2 (Ly/2 — Ly2), Myux1 and M,,x> are the moments about the X and X» axes, M,,r (ultimate
resultant moment about the Y-axis) = My, + Myy2, Myy1 and M,,,> are the moments about the Y and
Y axes, w; (column 1 analysis width) = ¢;, + d and w> (column 2 analysis width) = c», + d.
Equations (1)-(3) or biaxial and uniaxial flexure equations can be applied when the ultimate
resultant force R, is inside the central nucleus (surface in contact with the ground is fully
compressed), and when the ultimate resultant force R, is outside the central nucleus (surface in
contact with the ground is partially compressed) these equations are not valid.

When the ultimate resultant force R, is located outside the central nucleus, the general equations
for the pressure generated by the soil below the footing subjected to uniaxial and biaxial flexure
are:

Biaxial flexure (Montes-Paramo et al. 2023):
The pressure in the main direction (Y-axis) is:

Oumax [Ly3 (Zx - Lx) + Lx3 (zy - Ly) + 2Lx3Ly3]
2Ly3Ly3

Ozu (x: y) = 4)

The pressure in the direction transverse to the main direction (X axis), for P,; on the X; and Y
axes (changing coordinates to the center of column 1) is:

Oumax [Ly3(2x1 - Lx) + 2Lx3()’1 - Lyl) + 2Lx3Ly3]
2Ly3Ly3

©)

Oup1(X1, Y1) =

The pressure in the direction transverse to the main direction (X axis), for P,z on the X> and Y>
axes (changing coordinates to the center of column 2) is:

Oumax [LyB (zxz - Lx) + 2Lx3 (YZ —L—- Lyl) + 2Lx3Ly3]

= 6
0up2(X2,¥2) 2LysLys (6)
Uniaxial flexure (R, is located on the Y axis) (Montes-Paramo et al. 2023):
The pressure in the main direction (Y-axis) is:
o 2L,3—L,+2
ozu(%,y) = umax(2Lys — Ly + 2) (7)

2Ly

The pressure in the direction transverse to the main direction (X axis), for P,; on the X; and Y}
axes (changing coordinates to the center of column 1) is:
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(®)

yl) _ aumax(Ly3 - Lyl + yl)

0zup1 (X1, I

y3

The pressure in the direction transverse to the main direction (X axis), for P,2 on the X; and Y>
axes (changing coordinates to the center of column 2) is:

Oumax (Ly3 e Lyl + YZ)

Ozup2(X2,¥2) = 7 )
y3
Uniaxial flexure (R, is located on the X axis) (Montes-Paramo et al. 2023):
The pressure in the main direction (Y-axis) is:
o, 2L,z — L, + 2x
Jzu (x, y) — umax( x3 X ) (10)

2Ly

The pressure in the direction transverse to the main direction (X axis), for P,; on the X; and Y
axes (changing coordinates to the center of column 1) is:

Gumax(ZLx3 - Lx + le)

Oup1 (X1, Y1) = o1 (1T)
x3

The pressure in the direction transverse to the main direction (X axis), for P,z on the X> and Y>
axes (changing coordinates to the center of column 2) is:

Uumax(ZLxB - Lx + sz)

Oup2(X2,¥2) = oL (12)
x3

where: gumax 1s the ultimate maximum pressure that the soil must withstand due to the ultimate axial
loads and ultimate moments acting on the footing.

The critical sections for moments are located at the faces of the columns and in the interval between
the two columns, the flexural shearing are located at a distance d, (effective depth of the footing)
from the faces of the columns, and for the punching shearing they are located in a perimeter formed
from a distance d,/2 from the faces of the columns (ACI 318S-19).

2.1. RCF under biaxial flexure

Figure 2 represents the 5 possible cases to determine the minimum surface area of a RCF under
axial load and two orthogonal moments in each column.

Case I assumes that the entire lower surface of the footing is fully compressed. The pressure exerted
by the soil on the footing is determined by equations (1)-(3).

Cases I1, III, IV, and V assume that the entire lower surface of the footing is partially compressed;
that is, part of the contact surface is not under pressure. The pressure exerted by the soil on the
footing is determined by equations (4)-(6).

2.1.1. Moments and flexural shearing

The ultimate moments Mua, Mup, Muc, Mua, Mye, My and M, appear on the a-a, b-b, c-c, d-d, e-e, f-
fand g-g axes, and for the ultimate flexural shears Vi, Vii, Vij, Vik, Vi y Vum appear on the h-h, i-
i, j-j, k-k, -l and m-m axes.
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Figure 3 presents the critical sections of the ultimate moments and ultimate flexural shearing on
the X axis for the 5 cases.

Case I on the X and Y axes

Figure 3(a) presents the critical sections for case I, and the general equations on the X and Y axes
are:

Ly Lx
Vi = —jz f o, dxdy (13)
41 —ij

Vun 1s obtained by substituting equation (1) and y; = L,> + L + ¢;,/2 + d — L,/2 into equation (13).
Vi is determined by adding P,; and substituting equation (1) and y; = L,> + L — ¢;,/2 —d — L,/2 into

equation (13).
V. is obtained by adding P,; and substituting equation (1) and y; = Ly> + ¢2/2 + d — L,/2 into
equation (13).
Vuk 1s determined by adding R, and substituting equation (1) and y; = L,> — ¢2/2 — d — L,/2 into
equation (13).

Ly Lx

2 2

My, = _f fL oy (y — y1)dxdy (14)

v ===

2

M. 1s obtained by substituting equation (1) and y; = L,> + L + ¢;,/2 — L,/2 into equation (14).
M. 1s determined by adding Py;c1,/2 + My and substituting equation (1) and y; = Ly2 + L —¢1/2
— L,/2 into equation (14).

M,a 1s obtained by adding P./(L — c¢2,/2) + M.« and substituting equation (1) and y; = L)> + ¢2/2 —
L,/2 into equation (14).

M, 1s determined by adding P.;(L + ¢2/2) + Pu2c2/2 + Myuxi + Mux2 and substituting equation (1)
andy y; = L2 — ¢2/2 — L,/2 into equation (14).

Adding P,;(L,/2 — Ly; —y1) + My and substituting equation (1) into equation (14) and developing
the integral, and subsequently differentiating with respect to y; and equating this equation to zero
to obtain the point where the moment is maximum, and substituting this point into the same
equation to obtain M, or ultimate maximum moment.

(a) Case 1 (b) Case 11
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NA

(e) Case V

Figure 2. 5 possible cases for a RCF subjected to biaxial flexure.
Source: Own elaboration based on Montes-Paramo et al. (2023).

The general equations for ultimate flexural shearing and ultimate moments about the Y-axis are:

Ly w1
2 2
Vi = — UuPldydx
wi
X1 T

Y Y Y, Y
o cre d Lyt | Lu
P gl 611 = Gunas _ a ptet Gt = Gunax N, el L NA e e
7 | I L Janar S— - s
Ly a2 75 L dl T |- WHI
Lyt|Ly: T | ol s1fLy. a L
Tk S E I I : ka3 :
Lz a | h H| i i 1
i i
L L L Lye Ly|
e
1
az d? Ji j _ L/ (L2 am L2
a a = m b il o i =
% r_~1 v e W)l 5 o L s K el L " el B
g i - B
- o . Gt Gu N IO G [ I i s B ey e
e £ Ly2 KPP [ ) Py 2
Ly ; L > L.

Flexural shearing

Moments

Flexural shearing

(a) Case 1

(b) Case I
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Moments Flexural shearing
(e) Case V
Figure 3. Cases I, II, III, IV and V on the X axis.
Source: Own elaboration.
V. is obtained by substituting equation (2) and x; = ¢;/2 + d into equation (15).
Ly wa
2 (2
Vim = — w Oup2dydx (16)
X2 —TZ
Vum is determined by substituting equation (3) and x> = ¢2/2 + d into equation (16).
Ly w1
2 (2
Myy = — oup1 (x — x1)dydx (17)
X1 —%
M,r1s obtained by substituting equation (2) and x; = c1/2 into equation (17).
Ly wp
2 (2
Myg = — WZJuPZ (x — xz)dydx (18)
X2 _T

M, 1s determined by substituting equation (3) and x> = c¢2+/2 into equation (18).

Case II on the X-axis

Figure 3(b) presents the critical sections for case II, and the general equations about the X-axis are:
For L,/2 >y;>— L,/2

When y; >L,/2-Lys +c/2 +d
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Ly Ly
2

2
Vi = — j f " Grudxdy (19)
41

2

Ly Lx Ly ; . ILx
v, i * o,dxd 2 dxd 20
=— o,dxdy — Oyudx
ux L ., Ozdxdy Ly Lys(ty-2y) zudxdy (20)
- LysY—75" Y1 7+T_LX3

where: Lys = Ly3(Lx3 — Ly)/ Lys.

Vun 1s obtained by substituting equation (4) and y; = Ly> + L + ¢;,/2 + d — L,/2 into equation (19)
or equation (20), as the case may be.

Vi 1s determined by adding P,; and substituting equation (4) and y; = L,> + L — ¢;,/2 —d — L,/2 into
equation (19) or equation (20), as the case may be.

V. 1s obtained by adding P,; and substituting equation (4) and y; = Ly> + ¢2/2 + d — L,/2 into
equation (19) or equation (20), as the case may be.

Vux 1s determined by adding R, and substituting equation (4) and y; = L,> — ¢2/2 — d — L,/2 into
equation (19) or equation (20), as the case may be.

When y; > L,/2 - Lys + ci/2

Ly Lx

2 2
My, = _f f azu(y - yl)dxdy (21)
Y1 X

_Lx
2

When y; < L,/2 — Lys + c1,/2

Ly_

Ly Lx L X
2 2 2 VS (2
My, =— fL . f . Ozu(y = y1)dxdy — f fL - lwslyezy) | C(YmyD)dxdy (22)
~ Lys/—% 1 2T 2n,; L3

M. 1s obtained by substituting equation (4) and y; = L,> + L + ¢;,/2 — L,/2 into equation (21) or
equation (22), as the case may be.

M. 1s determined by adding Py;c1,/2 + My and substituting equation (4) and y; = Ly2 + L —¢1/2
— L,/2 into equation (21) or equation (22), as the case may be.

M,a 1s obtained by adding P./(L — ¢2,/2) + M.« and substituting equation (4) and y; = L)> + ¢2/2 —
L,/2 into equation (21) or equation (22), as the case may be.

M, 1s determined by adding Pu.i(L + c2/2) + Pu2c2y/2 + Mux; + Mux2 and substituting equation (4)
and y; = L2 — ¢2/2 — L,/2 into equation (21) or equation (22), as the case may be.

Adding P.;i(L,/2 — Ly —y1) + My and substituting equation (4) into equation (21) or equation (22),
as the case may be, and developing the integral, and subsequently differentiating with respect to y;
and equating this equation to zero to obtain the point where the moment is maximum, and
substituting this point into the same equation to obtain M, or ultimate maximum moment.

Case I1I on the X axis

Figure 3(c) represents the critical sections for case III, and the general equations about the X-axis
are:

Case IlI is the same as Case I, but L,/2 >y;> L,/2 — Ly3.
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Case IV on the X axis
Figure 3(d) indicates the critical sections for case IV, and the general equations about the X-axis
are:

Ly Ly

FE
hux = _,[ .];x Lx3(Ly—2y) ITudxdy @)
Y1 7+T_Lx3

Vun 1s obtained by substituting equation (4) and y; = L,> + L + ¢;,/2 + d — L,/2 into equation (23).
Vi is determined by adding P,; and substituting equation (4) and y; = L,> + L — ¢;,/2 —d — L,/2 into
equation (23).
V. is obtained by adding P,; and substituting equation (4) and y; = Ly> + ¢2/2 + d — L,/2 into
equation (23).
Vuk 1s determined by adding R, and substituting equation (4) and y; = L,> — ¢2/2 — d — L,/2 into
equation (23).

Ly Lx
2 2
M == [ 7 sy O = vy 4)
Y1 7+T—Lx3

M. 1s obtained by substituting equation (4) and y; = L,> + L + ¢;,/2 — L,/2 into equation (24).
M. 1s determined by adding Py;c1,/2 + My and substituting equation (4) and y; = Ly2 + L —¢1/2
— L,/2 into equation (24).

M,a 1s obtained by adding P./(L — ¢2,/2) + M.« and substituting equation (4) and y; = L)> + ¢2/2 —
L,/2 into equation (24).

M, 1s determined by adding P.;(L + c2/2) + Pu2c2/2 + Muxi + Mux2 and substituting equation (4)
andy y; = L2 — ¢2/2 — L,/2 into equation (24).

Adding P,;(L,/2 — Ly; —y1) + My and substituting equation (4) into equation (24) and developing
the integral, and subsequently differentiating with respect to y; and equating this equation to zero
to obtain the point where the moment is maximum, and substituting this point into the same
equation to obtain M, or ultimate maximum moment.

Case V on the X axis

Figure 3(e) represents the critical sections for case V, and the general equations about the X-axis
are:
Case V is the same as Case [V, but L,/2 > y;> L,/2 — Ly3.

Cases II, III, VI and V on the Y axis
Figure 4 indicates the critical sections for moments and flexural shearing for cases II, III, IV, and
V about the Y-axis.

Flexural shearing and moments about the Y axis for P;
Case A. When Ly, Lis > Ly/2 — x;
where: Lyy = Lx3(2Ly3 — 2Ly; + wi)/2Ly3 and Lys = Lx3(2Ly3 — 2Ly — wi)/2Lys3.
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w1 Lx

2 2
Vi = — f . f Ozup1dxdy (25)
)y,

V. 1s obtained by substituting equation (5) and x; = ¢;/2 + d into equation (25).
w Ly
2 (2

Muf = __IW1_]. Ozup1 (X — x1)dxdy (26)
1y

M,r1s obtained by substituting equation (5) and x; = ¢1,/2 into equation (26).

Caso B. When Ly > L/2 — x; > Lys

noE Lys (&
Va== " | "onprdxdy = [ " [ " ouprdy @7)
Lyg “x1 71 X2

where: Lys = Ly; + Ly3(Lx — 2Lx3 — 2x1)/2Lx3 and x2 = Ly/2 + Ly3(Ly1 — Lys — y)/Ly3.

V. 1s obtained by substituting equation (5) and x; = ¢;/2 + d into equation (27).

w1 Lx Lye o2
2 2 ve [z

Muf = _-f j UzuPl(x - xl)dxdy - -]. Wiy -]. UzuPl(x - xl)dxdy (28)
X1 - X2

Lys

M,r1s obtained by substituting equation (5) and x; = c1/2 into equation (28).

i .
€l Cix d
. N
| L. Ly
I Iys
. x7 L~
NA | X
_ foow ; —> [ - Cumax
- ‘:‘:iﬂ HHINAE Tyl 7 Guyt
L a2 ECT TR L -
L P | Wi y wi
T ! '1 i Ly 7 Ly
@2 i = --;---- - Foerd Gier2,
! EHIVdE Lyg| [ Lya Lys| [ Lyd
L Ly Lys Fi) L Ly Lys L,3
| gl i
&z - [ o o + L2 Jouy Vot L3
H T
- e . E] ' g " 7 w2
Lyz| a2 JI ‘_ ) Lya |
‘ g2 Owd| [ : | Gu, | | G
i i : B R H
: L T ' €ax R I
i |+_)1 Ly F'-_ i k“-ﬁ%!d *".
L2 = L2
Lx L L,
(a) Moments (b) Flexural shearing

Figure 4. Cases II, III, IV and V on the Y axis.
Source: Own elaboration.
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Case C. When L,/2 —x; > Lys and Lys

wy Ly
2 2
Va== . | oumdxdy 29)
2 X2

where: x2 = Ly/2 + Ly3(Ly1 — Lys — y)/Lys3.
V. is obtained by substituting equation (5) into equation (29).

wy  Lx
2 2
Muf = - f w f Ozup1(x — xl)dxdy (30)
1 Jx,
M, is obtained by substituting equation (5) and x; = ¢;/2 into equation (30).
Flexural shearing and moments about the Y axis for P;

Case A. When Ly, Lys > L/2 — x;

wz Lx
2 2
V== [ © | " onupadxdy G1)
22y,
Vum 1s obtained by substituting equation (6) and x; = c2v/2 + d into equation (31).
w2 Lx
2 2
Mug = _,[Wz,[ Ozup2 (X — x1)dxdy (32)
22 )y,

M, 1s obtained by substituting equation (6) and x; = ¢2+/2 into equation (32).

Case B. When Ly > Ly/2 —x1 > Lys

23 bys (3
Vam == | * | " opatady = [ | " onpadxay (33)
Lyg “x1 —72 X2

where: Lys = Ly; + Ly3(Lx — 2Lx3 — 2x1)/2Lx; and x2 = Ly/2 + Ly3(Ly1 — Lys — y)/Lys3.
Vum 1s obtained by substituting equation (6) and x; = c2v/2 + d into equation (33).

wa Ly Lys (2
2 2 Y6 (2

R N R o M T (34)
%1 —3 T

Lys
M, 1s obtained by substituting equation (6) and x; = c2»/2 into equation (34).

Case C. When L,/2 —x; > Ly Lys
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wz Ly

2 2
Vum = _fw f UzuPdedy
1)y,

where: x2 = Ly/2 + Ly3(Ly1 — Lys — y)/Lys3.

Vum 1s obtained by substituting equation (6) into equation (35).

wz Ly

2 [z
Myg = _jWZj Ozup2 (X — x1)dxdy
22 )y,

M, 1s obtained by substituting equation (6) and x; = c2»/2 into equation (36).

2.1.2. Punching shearing

(35)

(36)

The punching shearing V.; and V2 occur in the perimeter formed by points 1, 2, 3 and 4 for

column 1, and by points 5, 6, 7 and 8 for column 2.
Figure 5 indicates the critical sections for punching shearing for all cases.

Casel

‘1y Ci1x_d
2 V1T g 2 2
CRRC Y
Vupz = Pyz — j o, dxdy
Ly ; ;v d ) cx_d
Lyi-L 2 2 2

Substituting equation (1) into equations (37) and (38) yields Vip; and Vipo.

Case I1A
L c
v ‘ly,d cix,d
v p 2 Lyt 2 12 dxd
= - 0. X
upl ul L—y—L cy d | cix d zu y
2 YLy 2 2
Ly _ y,d cx, d
Lyl L+ 2 +Z 2 +Z
Vip2 = Puz — L c O dxdy
L _L_ﬂ_g _C2x_d
2 Yt 2 2 2 2

Substituting equation (4) into equations (39) and (40) yields Vi, and Vipo.
Case I1IB

For V.1 1s equation (39) and for Viyp2 = Puo.
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13 X L L L x
Ly L.
P B <[ I O MU
“Fleih 1 4 “F Zzis
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Ln“ k . i ) Lffﬁj@m ; iﬂﬁ%a‘g ) L,/Zﬁ)’t 4':_/;
e S e S —— J e
(f) Case IITIA (g) Case 11IB (h) Case IVA (i) Case IVB
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)‘Ai:‘ : .,L‘j wjg‘g " x"}, L Tﬁﬂ 5 3 \AI::J’I I'Ln malgl ’N;‘\-j-kl‘ _\]‘Zji'l—ﬂ:—i Lg
T . a0
- Ef Vi‘l“ Ly Ly PP B 1‘ L, L Ly
ri - :, %74'/ {I_i_ i +
PR T 4 2 e | Le
3 4 L2 3 4 L,/2) -
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L H L3 L
L o :5 ,,,!I 1 L - .5 X L2 Ly
4 Bt + 1 i
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—m e
(j) Case VA (k) Case VB (1) Case VIA (m) Case VIB

Case IIC

Figure 5. Punching shearing for biaxial flexure.
Source: Own elaboration.

Caso I11A

For V.1 is equation (39).
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Vupz = Py —

where: xp;
d)/2L,3.

Case I11B

c L
2x+— __Lyl_L+_+_ d d xp1 TY_Lyl_L-I-ypl d d
(0} X — (0} X
CZx d y Ly3(2x—Ly) L uz®y ca2x d JLy Ly3(2x—Ly) uzdy
zLx3 y3 2 2 2 2Ly3 y3 (41)

c

ﬂ"'— Lyl L+yp1
j j auzdydx

Ci1x d

d Ly d Ly
2 T2 (2 Lt p1 7 Lyrtyps
Vupr = Pu1 — Oyzdydx — Ly Lys(zr-Ly) oy, dydx

L
> 2 2 Lyityp 2 2 2 2Ly3 Lys
cix,d Ly
2 t2 (2 bt
- oy dydx
L Cly
*p1 2 2 2

where: x,; = Lv/2 — Ly3 + Ly3(2Ly1 + c1y + d)/2Ly3 and yp1 = Ly — Ly3 + Ly3(Ly + cix + d)/2Lx3.

Case IVA

For V.1 is equation (39).

Vupz - u2

Case IVB

Cox ——Lyl L+—+g
o, dydx
jch d_[ Ly3(2x—Ly) L uzdy

2Ly3 y3

c1x, d c1y . d

2x2 T—Ly1+—+—
Vupt = Pu1 = _[ c1x dij Ly3(2x—Ly) Ouzdydx

2 2 2 2Ly3 y3

Case VA

For V.1 is equation (39).

Cox . d d d

22 T—Lyl —L+2Y ——Lyl L+—+—
Vupz = Puz _j jL c2y d Uzdydx __]-cu d_]- Lys@x-Lo) o dydx

A S S A
.X'pl > Lyl L > 2 2Ly3 y3

Complete design for rectangular combined footings assuming
that the contact area with the soil is partially compressed.
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Caso VB
%+§ T_Lyl"'_"' ——Ly1+

Vup1 = Pua f fL ) cy o,dydx — f e o f LysGa-Ly) o,dydx (46)
Xp1 ‘Lyl‘T“ 2Lx3 y3

where: x,; = L/2 — L3 + Ly3(2Ly1 + c1p + d)/2L,3.

For Vip2 = Pus.

Caso VIA

For V.1 is equation (39).
CZTX+E 2 Lya—Lt Zzy g

Vupz = Puz — f _fLy Lys(2x-Ly) o dydx (47)
1 TR T oL B

where: xp; = L/2 — L3 + Ly3(2Ly1 + 2L — c2y — d)/2Ly3.

Caso VIB
T"+§ ——Ly1+C1y +£

Vs = Pus f f baeresy | OrdYdX (48)
1 TR oLy

where: xp1 = L/2 — L3 + Ly3(2Ly1 — c1y — d)/2Ly3.

2.2. RCF under uniaxial flexure

Figure 6 indicates the four possible cases for determining the minimum surface of a RCF under
uniaxial flexure. Two cases when R is located on the Y axis: Case Y-I) when R is located inside
the central nucleus; Case Y-II) when R is located outside the central nucleus. Two cases when R is
located on the X axis: Case X-I) when R is located inside the central nucleus; Case X-II) when R
is located outside the central nucleus.

(a) Case Y-I (b) Case Y-II (c) Case X-I (d) Case X-II
Figure 6. Four possible cases for a RCF subjected to uniaxial flexure.
Source: Own elaboration based on Montes-Paramo et al. (2023).
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Cases Y-I and X-I assume that the entire lower area of the footing is fully compressed. The pressure
exerted by the soil on the footing is determined by equations (1)-(3). But, substituting M.y, M.,y
and M,,r= 0 for the case Y-I, and M,,;, M.x> and M,,r = 0 for the case X-1.

Cases Y-II and X-II assume that the entire lower area of the footing is partially compressed, that
is, part of the contact area is not under pressure. The pressure exerted by the soil on the footing is
determined by equations (7)-(9) for case Y-II, and by equations (10)-(12) for case X-II.

2.2.1. Moments and flexural shearing

The ultimate moments My, Mup, Muc, Mya, Mye, M,y and M,q appear on the a-a, b-b, c-c, d-d, e-e, f-
fand g-g axes, and for the ultimate flexural shears Vin, Vui, Vij, Vuk, Vi and Viun appear on the s-h,
i-i, j-j, k-k, -l and m-m axes.

Figure 7 presents the critical sections of the ultimate moments and ultimate flexural shearing for
the 4 cases.

Case Y-1

Figure 7(a) represents the critical sections for moments and flexural shearing for the case Y-I, and
the general equations on the axis X are equations (13) and (14) and on the Y axis are equations
(15)-(18), but substituting M,,7= 0.

Case Y-II

Figure 7(b) represents the critical sections for moments and flexural shearing for the case Y-II, and
the general equations about the X axis are equations (19) and (21), but substituting equation (7)
instead of equation (4), and the general equations about the Y axis are equations (25) and (26) for
P.; and substituting equation (8) instead of equation (5) and equations (31) and (32) for P.> and
substituting equation (9) instead of equation (6).

Case X-1

Figure 7(c) represents the critical sections for moments and flexural shearing for the case X-I, and
the general equations on the axis X are equations (13) and (14) and on the Y axis are equations
(15)-(18), but substituting M7= 0.

Case X-II

Figure 7(d) represents the critical sections for moments and flexural shearing for the case X-II, and
the general equations about the X axis are equations (19) and (21), but substituting equation (10)
instead of equation (4), and the general equations about the Y axis are equations (25) and (26) for
P.; and substituting equation (11) instead of equation (5) and equations (31) and (32) for P.> and
substituting equation (12) instead of equation (6).

— Out = Gumax “‘L?‘ 1 = Gunax o Gul = Gumax CI‘L%(%{, Y‘
Ly /Zzi . E Ly . ,,1 " AEx L;,
. b b L b [ "

rx : &£ | ,
L . . L L

» & Ly2 R :

asz i P M dy J ol
i e % o 1 ES
- G2 L\/;.u K Gu - - e o R iz T i - v

Moments Flexural shearing Moments Flexural shearing
(a) Case Y-1 (b) Case Y-II
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X “‘L%d" B NA c}’.k% Na, ;,k__:k_,.
REE — - % . e SR B
Tld L a1 | 9y R
mj ' - 'tj | e LE __n/zj T d:‘i
g Ly2| . L2 p
1z, . I | g ey 1z 3
I ,,/F;j ¢ ¢ L C;j I I L a/zj _______ Ly ;1:\5: I ;
- o PN Gt = G T G2 B /ZFJ\ Kl Gut = G o T | exfely] e - i G = e*ﬂ:u e
= p— g ——
Moments Flexural shearing Moments Flexural shearing
(c) Case X-1 (d) Case X-I1

Figure 7. Cases Y-I, Y-II, X-I and X-II.
Source: Own elaboration.

2.2.2. Punching shearing

The punching shearing V.»; and V2 occur in the perimeter formed by points 1, 2, 3 and 4 for
column 1, and by points 5, 6, 7 and 8 for column 2.

Figure 8 represents the critical sections for punching shearing for all cases.

Case Y-I
The general equations for the ultimate punching shearing are equations (37) and (38), but
substituting My, 7 = 0.

Case Y-IIA
For V.1 it is equation (39), but substituting equation (7) instead of equation (4).
2 Y1 2 2 2 2
Vupz = Puz - ﬁ f Uzudxdy (49)
2 Ly —L+y —f2x 4
2 7t p1 2 2

Substituting equation (7) into equation (49) yields Vip..

4/1:{1\ a2 d;r;. a2 ﬂ/:n. @z ﬂ/lz\ a2 L/:n @2
L RRpE L REpE L EEE B e
ol ae: v/ s I g A e W Fl 7 “j; Vi “T
& [T 2 Jeg ety e o T
7 8 L,/2| 7 8 | Ly/2| 7 8 7 8 Ly2| 3|
L
g L8 o et ey
o w | ol 3
- —mepead -l LN B i .
1n 12 Ly 1m ” Ly 1 Lz
o T T o . T i o o o i
e kel ot o
— ] M — e
(a) Case Y-I (b) Case Y-IIA (c) Case YII-B (d) Case X-I (e) Case X-II

Figure 8. Punching shearing for uniaxial flexure.
Source: Own elaboration.
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Case Y-IIB

Vupl =Py — 04, (X, y)dxdy (50)
Ly 1x_d
2 bty T

where: yy; = Ly — Lys.
Substituting equation (7) into equation (50) yields Vip;.

Case X-1
The general equations for the ultimate punching shearing are equations (37) and (38), but
substituting M,r= 0.

Case X-11
cix @ Ly 1y d
2 T2 Lyi+="+;
Vupl = Py1 — L c O dydx (51
y 1y _d
*p1 2 YT
cx,d Ly, ;. %2y.d
2 +2 Lyl L+ 2 +Z
Vip2 = Puz — L cay d O dydx (52)
*p1 2 Lyiml-5—

where: xp; = Ly/2 — Lys.
Substituting equation (10) into equations (51) and (52) determines Vi, and Vipo.

3. NUMERICAL APPLICATION OF THE PROPOSED MODEL

This section shows the application of the proposed model to justify the advantages of the proposed
model against the current model. The data for the examples under biaxial flexure are: The
dimensions of the columns are 40x40 cm, L = 6.00 and 7.00 m, and o = 200 kN/m?, and the
footing is subjected to P; = 500 kN (Pp; = 300 kN and Pr; = 200 kN), My; = 1000 kN-m (Myp; =
600 kN-m and M,.; = 400 kN-m), M,; = 250 kN-m (M,p; = 150 kN-m and M,; = 100 kN-m), P>
= 1000 kN (Pp2 = 600 kN and P> = 400 kN), M.> = 2000 kN-m (M.p> = 1200 kN-m and M.> =
800 kN-m), M, = 500 kN-m (M,p> = 300 kN-m and M,;> = 200 kN-m), for the four types of
constraints in the Y-axis direction (without constraints, limited in column 1, limited in column 2,
limited in both columns) (see Figure 9). The minimum area and sides of the RCF for the four types
of constraints; these coincide in two types (no constraints and limited in column 2) and the other
two types (limited in column 1 and limited in both columns); this is shown in the document
proposed by Montes-Paramo et al., (2023). Now, according to the code (ACI 318S-19), the ultimate
loads and moments are obtained as follows: U = 1.2D + 1.6L (U is the ultimate load or ultimate
moment, D is the dead load or dead load moment, L is the live load or live load moment). The
ultimate loads and ultimate moments will be: P,; = 680 kN, M,x; = 1360 kN-m, M,,,; = 340 kN-m,
Pu2 = 1360 kKN, Myx> = 2720 kN-m, M,y2 = 680 KN-m, Gumar = 272 kN/m?, the ultimate maximum
pressure is obtained from the known dimensions and using the ultimate loads and ultimate moments
by equations (12) to (14) of Montes-Paramo et al., (2023).
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(c) Limited in column 2 (d) Limited in both columns
Figure 9. Four types of constraints in the Y-axis direction.
Source: Own elaboration.

For all examples, /- (concrete strength at 28 days) =21 MPa, f, (steel strength at yield point) =420
MPa and r (concrete cover) = 8§ cm are used.

Table 1 shows in detail the complete design of the RCFs under biaxial flexure (see Annex).

The data for the examples under uniaxial flexure for both cases are:

1) When the loads are located on the Y axis (Case Y): the dimensions of the columns are 40x40
cm, L = 6.00 and 7.00 m and yuqx = 200 kN/m?, and the footing is subjected to P; = 500 kN (Pp; =
300 kN and Pz; =200 kN), My; = 1000 kN-m (M,p; = 600 kN-m and M,z; =400 kN-m), M,; =0
kN-m (Myp; = 0 kN-m and M,; = 0 kN-m), P> =500 kN (Pp> =300 kN and P> =200 kN), My> =
2000 kN-m (M,p> = 1200 kN-m and M2 = 800 kN-m), M,> =0 kN-m (M,p2 = 0 kN-m and M,;> =
0 kN-m). The ultimate loads and ultimate moments will be: P,; = 680 kN, M,x; = 1360 kN-m, M,
= 0 kKN-m, P,> = 680 kN, My = 2720 kN-m, Myy> = 0 KN-m, oumax = 272 kKN/m?, the ultimate
maximum pressure is obtained using the ultimate loads and ultimate moments from equations (32)
and (33) of Montes-Péaramo et al., (2023).

2) When the loads are located on the X axis (Case X): the dimensions of the columns are 40x40
cm, L =6.00 and 7.00 m and omax = 200 kN/m?, and the footing is subjected to P; = 500 kN (Pp; =
300 kN and Pr; =200 kN), M,; = 0 kN-m (Myxp; = 0 kN-m and M,.; = 0 kN-m), M,; = 1000 kN-m
(Myp; = 600 kN-m and M,;; =400 kN-m), P> =500 kN (Pp2 =300 kN and P> =200 kN), M,>=0
kN-m (Mxp2 = 0 kN-m and M,z> = 0 kN-m), M,> = 2000 kN-m (M, p> = 1200 kN-m and M, ;> = 800
kN-m). The ultimate loads and ultimate moments will be: P,; = 680 kN, M,x; = 0 kKN-m, M,,; =
1360 kN-m, P2 = 680 kN, M,z = 0 kKN-m, M,z = 2720 KN-m, Gumar = 272 kN/m?, the ultimate
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maximum pressure is obtained using the ultimate loads and ultimate moments from equations (41)
and (42) of Montes-Péaramo et al., (2023).

The minimum area and sides of the RCFs are shown in the document proposed by Montes-Paramo
et al., (2023).

Table 2 shows in detail the complete design of the RCFs under uniaxial flexure (see Annex).

4. RESULTS

4.1 Verification of the equations for the complete design of the RCFs subjected to biaxial
flexure

4.1.1 Current model or Case 1

For moments: Substituting y; = L,/2 into equation (14), the moment is determined as Myao = 0
(moment at the end of the footing on the column side 1), now adding P.;(L + Ly2) + Pu2Ly2 + Mux;
+ M2 and substituting y; = — L,/2 into equation (14), the moment is obtained as M., = 0 (moment
at the end of the footing on the column side 2).

For flexural shearing: Substituting y; = L,/2 into equation (13), the flexural shearing is determined
as Vuno = 0 (flexural shearing at the end of the footing on the column side 1), now adding P.; + P.2
and substituting y; = — L,/2 into equation (13), the flexural shearing is obtained Vi, = 0 (flexural
shearing at the end of the footing on the column side 2).

4.1.2 New Model or Case IL, III, IV and V

For moments: Substituting y; = L,/2 into equation (21) or (22) (cases II and III) and into equation
(24) (cases 1V and V), as appropriate, the moment is determined as M4, = 0 (moment at the end of
the footing on the column side 1), now adding P.;(L + Ly2) + Pu2Ly> + Mux1 + M, and substituting
v1 =—L,/2 into equation (21) or (22) (cases Il and III) and into equation (24) (cases IV and V), as
appropriate, the moment is obtained as M., = 0 (moment at the end of the footing on the column
side 2).

For flexural shearing: Substituting y; = L,/2 into equation (19) or (20) (cases II and III) and into
equation (23) (cases IV and V), as appropriate, the flexural shearing is determined as Vi = 0
(flexural shearing at the end of the footing on the column side 1), now adding P.; + P.> and
substituting y; = — L,/2 into equation (19) or (20) (cases II and III) and into equation (23) (case
IV), as appropriate, the flexural shearing is obtained as Vi = 0 (flexural shearing at the end of the
footing on the column side 2).

4.2 Verification of the equations for the complete design of RCF's subjected to uniaxial flexure
4.2.1 Current model or Cases Y-I and X-1

The equations are the same as those for biaxial flexure, but taking into account My,7 =0 or M, =
0 as the case may be.

4.2.2 New Model or Cases Y-II and X-11

The equations are the same as those for biaxial flexure, but taking into account equation (21) for
moment and equation (19) for flexural shearing and M,,7= 0 or My.7 = 0 as the case may be.

4.3 Results and Discussion

Table 1 shows the following (see Annex):

For footings with both ends free and constrained at L,>:

The thickness is governed by the flexural shearing at Vi for case I and at V,,; for case IV at L =
6.00 and 7.00 m.
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The proposed steel areas in the Y-axis direction: Ay,v is governed by the steel provided by the
negative moment for both cases, and A4s,,r is governed by the minimum steel Asminy for both cases
at L =6.00 and 7.00 m.

The proposed steel areas in the X-axis direction: Agpwe; and Agpwy2 are governed by the minimum
steel Asminows and Agminww2 for cases I and IV at L = 6.00 and 7.00 m.

For footings with both ends constrained and constrained at L,;:

The thickness is governed by moment at M, for case I and the flexural shearing at V,; for case II
at L = 6.00 m, and by the flexural shearing at Vi, for case I and at V,; for case I at L =7.00 m.
The proposed steel areas in the Y-axis direction: 4~ and A,,p are governed by the minimum steel
Asminy for case I at L = 6.00 and 7.00 m, Ay~ and Ay, p are governed by the steel provided by the
negative moment for case Il at L = 6.00 and 7.00 m.

The proposed steel areas in the X-axis direction: Agpxes 1S governed by the minimum steel Agminxws
below column 1 for cases I and II, except for case I at L = 6.00 m. The proposed steel areas in the
X-axis direction: Agxw2 1S governed by the steel provided for the negative moment below column
2 for cases I and II, except for case Il at L = 7.00 m.

Table 2 shows the following (see Annex):

For footings under uniaxial flexure (Case Y) (see Annex):

The thickness is governed by the flexural shearing at V,; for cases Y-1 and Y-II at L = 6.00 and
7.00 m.

The proposed steel areas in the Y-axis direction: Ay~ i1s governed by the steel provided by the
negative moment and A4,,yp is governed by the minimum steel Agniny for cases Y-1 and Y-Il at L =
6.00 and 7.00 m.

The proposed steel areas in the X-axis direction: Agxes 1S governed by the minimum steel Agminows
for cases Y-1 and Y-II at L = 6.00 and 7.00 m and for A2 the same occurs as in Agpxws.

For footings under uniaxial flexure (Case X) (see Annex):

The thickness is governed by the flexural shearing at V., for case X-1 at L = 6.00 and 7.00 m, and
for X-II is governed by the flexural shearing at V3, and V.

The proposed steel areas in the Y-axis direction: Agmyv and Agyyp are governed by the minimum
steel Asminy for cases X-1 and X-II at L = 6.00 and 7.00 m.

The proposed steel areas in the X-axis direction: Ay 18 governed by the steel provided by the
moment under column 1 for cases X-1 and X-II at L = 6.00 and 7.00 m, and for A2 the same
occurs as in Agpxwi.

Figure 10 shows in detail the general design (dimensions and reinforcing steel) for RCFs.

Figure 11 represents the volumes of concrete and steel for biaxial flexure for the four types of
constraints.

Figure 11(a) shows the concrete volumes for biaxial flexure. The largest volumes are for the current
model for all types of constraints, and the largest occurs at L = 6.00 m, which is 29.72 times the
current model with respect to the proposed model for the constrained sides at L,; and L,>, and for
the constrained side at L, ;.

Figure 11(b) shows the steel volumes for biaxial flexure. The largest volumes are for the current
model for all types of constraints, and the largest occurs at L = 6.00 m, which is 28.74 times the
current model with respect to the proposed model for the constrained sides at L,; and L,>, and for
the constrained side at L,;.

The volumes of concrete and steel are determined as follows: Ve = LiLyt —(Aspyn + Aspyp)Ly — (Aspxwi
+ Aspwa + Asii + Asts)Lx and Vs= (AspyN + AspyP)Ly + (Aspxwl + Aspwa + Asii + Asts)Lx- The length of
the hook is not considered here because the total length of the footing bars is equivalent to the total
length with the hook, since the cover and the development of the hook would have to be subtracted.
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Figure 11. Volumes of concrete and steel for biaxial flexure.
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Figure 12 shows the volumes of concrete and steel for uniaxial flexure for the two cases X and Y.
Figure 12(a) shows the concrete volumes for uniaxial flexure. The volume for case Y is slightly
larger in the current model at L =7.00 m compared to the proposed model, and the proposed model
is larger at L = 6.00 m, which is 1.56 times the current model. The largest volume in case X is for
the current model, and the largest appears at L = 6.00 m at 6.53 times and the smallest appears at L
=7.00 m at 5.79 times the current model with respect to the proposed model.
Figure 12(b) shows the steel volumes for uniaxial flexure. The volume for case Y is slightly larger
in the current model at L = 7.00 m compared to the proposed model, and the proposed model is
larger at L = 6.00 m, which is 1.06 times the current model. The largest volume in case X is for the
current model, and the largest appears at L = 6.00 m at 6.88 times and the smallest appears at L =
7.00 m at 5.81 times the current model with respect to the proposed model.
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Furthermore, a comparison is made between the PM (proposed model) and the PE (practical
example) proposed by Luévanos-Rojas (2016a) (restricted sides in the Y direction or longitudinal
direction), where the data of the example under biaxial bending are: The dimensions of the columns
are 40x40 cm, Ly; = 0.20 m, L,> = 0.20 m, L = 5.60 m, L, = 6.00 m y 6ma = 220 kKN/m?, and the
footing is subjected to P; = 1000 kN (Pp; = 600 kN and Pr; = 400 kN), My; = 240 kN-m (Mxp; =
140 kN-m and Myz; = 100 kN-m), M,; =200 kN-m (Myp; = 120 kN-m and M,; = 80 kN-m), P> =
800 kN (Pp2 =500 kN and P> =300 kN), Mx2 =220 kN-m (Mxp2 = 120 kKN-m and M,z> = 100 kN-
m), M,> = 200 kN-m (M,p> = 110 kN-m and M,;> = 90 kN-m). The ultimate loads and ultimate
moments will be: Py = 1360 kN, M,x; = 328 kKN-m, My,; = 272 kKN-m, P,> = 1080 kN, M,x> = 304
kN-m, M,,> = 272 kN-m, R, = 2440 kN; Myt = 548 KN-m, M,z = 1416 kKN-m, Gumax = 299.42
kN/m?, the ultimate maximum pressure is determined using the ultimate loads and ultimate
moments from equation (7) of Montes-Paramo et al., (2023).

Table 3 represents in detail the comparison of the final dimensions between the PM (case II) and
the PE (case I).

Table 3. Comparison of the final dimensions between the PM and the PE.
(Source: Own elaboration)

Model dp t L | Le | Ly | Lyt | Lz | Ls | Lys | Awin
mJem] mJm]|m]|m]|m]m] m | m)

PM 52 | 60 | 5.60 | 2.80 | 6.00 | 0.20 | 0.20 | 5.91 | 10.87 | 16.80
PE 77 | 85 | 5.60 | 3.30 | 6.00 | 0.20 | 0.20 | - - 19.80

where: 7 is the total thickness, Ami» 1s the minimum plan area of the footing.

Table 3 shows that PM is less than PE for L and 4.
Table 4 represents in detail the comparison of the ultimate moments for design in each section
between the PM and the PE.

Table 4. Comparison of the ultimate moments for design between the PM and the PE.
(Source: Own elaboration)

Model Mua Mup My Mua My OM ux Mys oM.z Mg OM..e
(KN-m) (KN-m) (KN-m) (kN-m) (kN-m) (KN-m) (kN-m) (kN-m) (kN-m) (kN-m)

PM 0 549.65 1223.14 -100.74 0 3703.84 -139.67 873.05 --66.36 873.05
PE 0 549.43 1652.53 -102.49 0 9571.55 -544.64 2276.87 -457.08 2276.87

where: M., 1s the moment acting on axis a, My is the moment acting on axis b, M, is the maximum
positive moment, M,q is the moment acting on axis d, My. is the moment acting on axis e, Jr
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(reduction factor of flexural strength) = 0.90, DM, is the resisting moment in the direction parallel
to the X axis, M,ris the moment acting on axis f, JM,s1s the resisting moment on axis f, M, is the
moment acting on axis g, JM,, is the resisting moment on axis g.

Table 4 shows that PM is less than PE for all ultimate moments, except for M.

Table 5 represents in detail the comparison of the ultimate flexural shearing for design in each
section between the PM and the PE.

Table 5. comparison of the ultimate flexural shearing for design between the PM and the PE.
Source: Own elaboration)

Model Vun Vi Vuj Vik O,V ux Vi 9, Vuy Vim 9, Vuy
(kN) (kN) (kN) (kN) (kN) (kN) (kN) (kN) (kN)

PM 0 613.28 | -893.73 0 964.14 | -131.91 | 227.26 -62.67 227.26

PE 0 661.92 | -826.48 0 1682.60 | -361.15 | 400.26 | -304.64 | 400.26

where: Vy; is the flexural shearing about axis 4, Vi is the flexural shearing about axis i, Vy; is the
flexural shearing about axis j, Vux is the flexural shearing about axis &, g, (shear resistance reduction
factor) = 0.85, O, V. is the flexural shearing that the concrete resists in the direction parallel to the
X axis, Vi is the flexural shear about axis /, @,V is the flexural shear that the concrete resists about
axis [, Vum 1s the flexural shearing about axis m, &,V 1s the flexural shearing that the concrete
resists about axis m.

Table 5 indicates that PM is less than PE for all ultimate flexural shearing, except for V3, in absolute
value.

Table 6 represents in detail the comparison of the ultimate punching shearing for design in each
section between the PM and the PE.

Table 6. Comparison of the ultimate punching shearing for design between the PM and the PE.
(Source: Own elaboration)

Model | Vipr OVupri1 | OVupriz | OvVupris Vip2 OVuprz1 | OvViuprzz | OvVupr2s
(kN) (kN) (kN) (kN) (kN) (kN) (kN) (kN)

PM | 1226.80 | 7214.02 | 3375.78 | 1497.25 | 1036.12 | 7214.02 | 3375.78 | 1497.25

PE 1189.73 | 13066.73 | 7114.75 | 2711.96 | 1023.66 | 13066.73 | 7114.75 | 2711.96

where: Vy,; is the punching shearing acting on column 1; @,Viri2, OvVipr22 and @,V ,,r13 are the
punching shearing that the concrete resists in column 1; &,Vy,2 is the punching shearing acting on
column 2; 9,Vupr21, OvViupr22 and @,V,pr23 are the punching shearing that the concrete resists in
column 2.

Table 6 shows that PM is greater than PE for all ultimate punching shearing acting on the footing,
but for the ultimate punching shearing that the concrete resists, PM is less than PE.
Table 7 shows in detail the comparison of the steel areas between the PM and the PE.

Table 7. Comparison of steel areas between the PM and the PE.
(Source: Own elaboration)

Model AsmyN AsmyP Asmin 1y AspyN AspyP Asmxwl Asminxwl Aspxwl Asmwa Asminwa Aspwa Asti Asts
(cm?) | (cm2) | (cm?) | (cm?) | (ecm?) | (cm?) | (ecm?) | (cm?) | (ecm?) | (cm?) | (cm?) | (cm?) | (cm?)
PM 5.15 65.72 | 48.48 | 48.48 | 65.72 7.29 11.43 11.43 3.42 11.43 1143 | 50.54 | 64.80
PE 3.53 58.35 | 84.62 | 84.62 | 84.62 | 19.45 20.13 20.13 16.22 20.13 20.13 | 67.78 | 91.80
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where: Asmyy and Agnyp are the steel areas provided by the negative (bottom) and positive (top)
moments in the Y direction, Asminy 1s the minimum steel area in the Y direction, Aspyn and Aspyp are
the steel areas proposed by the negative (bottom) and positive (top) moments in the Y direction,
Asmewr and Agmny2 are the steel areas below the column provided by the moments M,rand M, in the
X direction, Asminxws and Asminxw2 are the minimum steel areas below columns 1 and 2 in the X
direction, Aspxws and Agpxw2 are the proposed steel areas below each column in the X direction, Ay
is the area per temperature at the bottom of the footing in the X direction with a width L, —w; —w»>,
Ags 1s the area per temperature at the top of the footing in the X direction with a width L,.

Table 7 indicates that PM is less than PE for all steel areas.

Therefore, the volumes of concrete and steel for PM are V. =9.97 m? and V; = 107216.00 cm?, and
for PE are V. = 16.66 m® and Vs = 167491.20 cm®. Therefore, the savings for concrete is 40.16%
of the PM with respect to the PE, and for steel it is 35.99% of the PM with respect to the PE.

5. CONCLUSIONS

This paper presents the complete design for determining the thickness and longitudinal and
transverse steel areas of RCFs rigid subjected to biaxial and uniaxial flexure on elastic soils (linear
soil pressure distribution). The work presented by Montes-Paramo et al. (2023) shows the
minimum surface required for RCFs under uniaxial and biaxial flexure.

The main conclusions of this work are:

1. Some authors present the complete design for RCFs subjected to biaxial and uniaxial
flexure on elastic soils, but only consider case I (area is fully compressed).

2. This work presents a significant saving in the volumes of concrete and steel compared to
the current model for biaxial flexure with a saving for concrete of up to 96.64% and for
steel of up to 96.52% with both ends constrained at L = 6.00 m (see figure 11).

3. The proposed model shows savings in the volumes of concrete and steel compared to the
current model for uniaxial flexure (case X) with a savings for concrete of up to 84.68% and
for steel of up to 85.47% when the load is on the X axis at L = 6.00 m (see figure 12).

4. The current model presents a saving in the volumes of concrete and steel compared to the
proposed model for uniaxial flexure (case Y) with a saving for concrete of up to 35.86%
and for steel of up to 5.91% when the load is on the Y axis at L = 6.00 m (see figure 12).

5. The thicknesses for biaxial flexure for footings with both ends free and constrained at L,>
are governed by V,», (Case I) and V3, (Case IV) at L = 6.00 and 7.00 m. For footings with
both ends constrained and constrained at L,;, they are governed by M, (Case I) and Vy;
(Case I) at L = 6.00 m, and by Vun (Case ) and V,; (Case II) at L = 7.00 m (see Table 1).

6. The thicknesses for uniaxial flexure for the footings (Case Y) are governed by V,; (Cases
Y-1 and Y-II) at L = 6.00 and 7.00 m. The thicknesses for uniaxial flexure for the footings
(Case X) are governed by Vum (Case X-1) at L = 6.00 and 7.00 m, by V; and Vum (Case X-
IT) at L = 6.00 and 7.00 m (see Table 2).

7. The comparison between PM and PE proposed by Luévanos-Rojas (2016a) results in a
savings for concrete of 40.16% in PM compared to PE, and for steel of 35.99% in PM
compared to PE.

8. The PE proposed by Luévanos-Rojas (2016a) was verified through case I of this article and
the results coincide.

9. The model proposed in this work can be used for other types of building codes or
regulations, simply by considering the resisting moments, flexural shearing strengths, and
punching shearing strengths to define the effective depth, and the equations for obtaining
the reinforcing steel areas specified by each code or regulation.
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10. The proposed model can be used when the resultant force R is located outside the central
nucleus and within the RCF area, and the current model can be used when the resultant
force R is located within the central nucleus.

This study presents a robust and effective solution that is applied only to obtain the complete design
(thickness and areas of transverse and longitudinal steel), based on the work presented by Montes-
Péaramo et al. (2023) that determine the sides and minimum area of the RCFs that rest on elastic
soils.

Suggestions for future research:

1. Complete design for combined trapezoidal, shaped T-shaped and L-shaped (corner)
footings that work partially under compression.

2. Design software for the complete design of RCFs, taking into account the contact area with
the soil that works partially under compression.
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ANNEX
Table 1. Examples of biaxial flexure.
(Source: Own elaboration)
Concept Free ends; constrained in L, Constrained ends; constrained in L,;
Case 1 1V 1 1V I | o 1 11
L (m) 6.00 7.00 6.00 7.00
Ru (KN) 2040 2040 2040 2040 2040 2040 2040 2040
Mt (KN-m) 0 0 0 0 2040 2040 1700 1700
Myt (KN-m) 1020 1020 1020 1020 1020 1020 1020 1020
Ly (m) 3.00 2.19 3.00 2.10 48.00 3.48 9.25 2.89
Ly (m) 8.40 8.40 9.07 9.07 6.40 6.40 7.40 7.40
Ly (m) 2.20 2.20 1.87 1.87 0.20 0.20 0.20 0.20
Ly2(m) 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20
Ly (m) - 1.79 - 1.65 - 532 - 3.64
Ly3 (m) - 444529.09 - 434025.46 - 9.06 - 13.94
dp (cm) 82 77 82 82 132 57 102 67
r (cm) 8 8 8 8 8 3 3 8
t (cm) 90 85 90 90 140 65 110 75
Ve (m?) 2245 15.46 24.25 16.95 424.75 14.29 74.52 15.72
Mua (KN-m) -485.71 -486.88 -312.50 -312.91 0 0 0 0
Mup (KN-m) 796.57 794.90 1015.50 1015.24 1447.59 1446.16 1459.58 1458.68
Ve (m) 1.40 1.40 1.51 1.50 1.99 1.98 2.09 2.11
Muc (KN-m) 816.00 816.01 1118.22 1118.71 1622.28 1601.34 1755.12 1743.22
Mua (kN-m) -2467.43 -2485.99 -2466.00 -2449.84 -2450.59 -2449.90 -2455.69 -2467.56
Mue (kN-m) 0 0 0 0 0 0 0 0
GMux (KN-m) 7608.05 3480.81 9868.15 6907.71 409143.86 5531.16 47079.19 6346.50
Muyr (KN-m) -327.73 -127.46 -327.73 -119.88 -4180.16 -216.06 -878.70 -152.72
IMuy (kN-m) 4013.05 3393.55 4013.05 4013.05 9035.26 1088.75 4631.57 1614.08
Mug (kN-m) -655.47 -85.52 -655.47 -79.59 -8360.32 -362.38 -1757.40 -230.52
OMug (KN-m) 2664.40 2276.87 2664.40 2664.40 9035.26 1088.75 4631.57 1614.08
Vin (KN) -485.71 -486.88 -190.50 -374.75 * * * *
Vi (kN) -102.00 -91.70 30.50 3149 -244.10 50.64 74.80 189.92
Vi (KN) -1063.71 -1080.04 -1085.50 -1081.51 -1187.60 -1274.09 -1182.28 -1225.93
I/Ltk (kN) % * % % % % % *
OvVux (KN) 1628.97 1116.64 1628.97 1140.28 41955.86 1313.50 6247.69 1282.18
Vit (kN) -200.19 -39.78 -219.04 -9.96 -329.05 -176.74 -301.61 -113.30
vV (kN) 662.45 258.55 662.45 662.45 926.53 258.55 614.64 326.09
Vium (kKN) -400.38 -26.69 -400.38 -6.61 -658.10 -57.05 -603.22 -55.58
OvVum (KN) 439.82 400.26 439.82 439.82 926.53 258.55 614.64 326.09
Vip1 (kN) 599.59 53543 605.50 532.79 658.42 565.21 618.67 556.64
GvVup1 (KN) 5143.71 4632.11 5143.71 5143.71 6515.50 1714.48 4248.03 2187.51
Vip2 (kKN) 1280.00 1263.01 1285.91 1262.26 1357.36 1359.22 134431 1338.92
OvVup2 (KN) 2993.47 2711.96 2993.47 2993.47 6515.50 1714.48 4248.03 2187.51
Asmyn (cm?) 82.89 91.22 82.84 83.84 49.16 122.62 64.21 104.00
Asmyp (cm?) 26.67 28.61 36.72 37.03 32.53 77.92 45.78 71.98
Asminy (cm?) 81.92 56.15 81.92 57.34 2109.89 66.05 314.19 64.48
Aspyn (cm?) 82.89 91.22 82.84 83.84 2109.89 122.62 314.19 104.00
Aspyp (cm?) 81.92 56.15 81.92 57.34 2109.89 77.92 314.19 71.98
Asmowi (cm?) 10.71 4.40 10.71 3.89 90.69 10.35 23.49 6.12
Asminxwi (cm?) 33.31 30.00 33.31 33.31 46.59 13.00 3091 16.40
Aspowt (cm?) 33.31 30.00 33.31 33.31 90.69 13.00 3091 16.40
Asmov2 (cm?) 22.00 2.96 22.00 2.58 201.79 17.77 48.59 9.31
Asmincw2 (cm?) 22.12 20.13 22.12 22.12 46.59 13.00 3091 16.40
Aspon2 (cm?) 22.12 20.13 22.12 22.12 201.79 17.77 48.59 16.40
Agi (cm?) 103.19 98.61 114.05 114.05 94.75 58.85 110.48 80.06
Asis (cm?) 136.08 128.52 146.93 146.93 161.28 74.88 146.52 99.90
Vs (cm?) 226850.40 | 184510.74 | 244360.32 | 194496.36 | 5333507.20 | 185591.60 | 776263.70 | 321938.04
* It does not exist because the axis is located outside the footing area.
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Table 2. Examples of uniaxial flexure.
(Source: Own elaboration)

Concept Loads located on the Y axis Loads located on the X axis
Case Y1 | v Y1 | vyn X1 | X X1 | X1
L (m) 6.00 7.00 6.00 7.00
Ru (kN) 1360 1360 1360 1360 1360 1360 1360 1360
Mt (kKN-m) 1954.43 221022 | 2278.00 | 2291.60 0 0 0 0
M.yt (KN-m) 0 0 0 0 4080 4080 4080 4080
L. (m) 1.00 1.03 1.00 1.00 18.00 7.04 18.00 6.90
L,(m) 9.53 9.75 10.05 10.03 6.40 6.40 7.40 7.40
L (m) 3.33 3.25 2.85 2.83 0.20 0.20 0.20 0.20
L,>(m) 0.20 0.50 0.20 0.20 0.20 0.20 0.20 0.20
L3 (m) - - - - - 1.56 B 1.35
Lyz (m) - 9.75 - 10.00 - - B B
dy (cm) 97 97 102 102 107 37 92 37
7 (cm) 3 3 3 8 8 3 3 8
{ (cm) 105 105 110 110 115 45 100 45
Ve (md) 9.87 15.39 10.91 10.88 131.02 20.07 131.67 22.74
M (kKN-m) -1190.72 | -1162.41 -866.78 -858.23 0 0 0 0
M. (KN-m) 3.52 31.45 364.50 373.51 119.00 119.00 121.30 121.30
Ve (m) 1.84 2.02 2.08 2.09 0 0 0 0
Muc (KN-m) 37.03 65.28 365.58 374.48 952.00 952.00 1122.00 1122.00
Maa (kKN-m) 258537 | -2585.64 | -2584.29 | -2579.70 119.00 119.00 121.30 121.30
M (kN-m) 0 -0.13 0 0 0 0 0 0
OM. (kN-m) | 4602.89 | 4740.97 5089.64 5089.64 | 100815.43 | 4714.80 74530.68 4621.04
M.s (KN-m) -30.60 9.24 -30.60 -8.66 -2120.09 -347.52 -2120.09 -300.74
IM.y(kN-m) | 6305.96 6305.96 7227.29 7227.29 5236.80 391.78 3560.91 391.78
Mg (kKN-m) -30.60 -8.00 -30.60 -5.55 2777.43 34752 2777.43 -300.74
OM.e (kKN-m) | 4073.56 545442 | 4631.57 4631.57 5236.80 391.78 3560.91 391.78
Vur (KN) -523.93 -520.57 -405.38 -402.67 * * * *
Vi (KN) -268.85 -277.62 -198.49 -198.53 367.63 516.38 437.41 538.49
Vi (kN) -635.95 -645.71 -652.85 -653.72 -367.63 -516.38 437.41 -538.49
Vir (KN) * * * * * * * *
O Vux (kKN) 642.32 661.59 675.43 675.43 12753.63 1724.85 10965.74 1690.55
Vu (KN) * * * * -403.10 -124.11 -409.27 -107.41
OV (kKN) 879.97 879.97 959.10 959.10 662.48 143.33 523.92 143.33
Vum (KN) * * * * -625.25 -124.11 -520.85 -107.41
DVum (KN) 568.45 761.15 614.64 614.64 662.48 143.33 523.92 143.33
Vupt (KN) 431.22 424.12 404.17 394.76 663.77 680.00 668.41 680.00
O Vup1 (kKN) 6832.74 6832.74 | 7447.17 7447.17 4593.81 922.67 3595.04 922.67
Vup2 (KN) 657.36 659.83 669.52 669.48 663.77 680.00 668.41 680.00
D V2 (KN) 3915.11 3915.11 4248.03 4248.03 4593.81 922.67 3595.04 922.67
Agmn (cm?) 77.86 77.61 73.21 73.07 0 0 0 0
Agmyp (cm?) 1.01 1.78 9.59 9.82 23.57 70.30 32.34 83.43
Agminy (cm?) 32.30 33.27 33.97 33.97 641.36 86.74 551.45 85.01
Agpyv (cm?) 77.86 77.61 73.21 73.07 641.36 86.74 551.45 85.01
Agpyr (cm?) 32.30 33.27 33.97 33.97 641.36 86.74 551.45 85.01
Agmowt (cm?) 0.84 0.25 0.79 0.22 56.12 25.19 67.80 24.86
Agminow1 (cm?) 4425 4425 48.23 48.23 33.31 7.21 26.35 7.21
Aspowt (cm?) 4425 4425 48.23 48.23 56.12 25.19 67.80 24.86
Agmow2 (cm?) 0.84 0.22 0.79 0.14 75.35 25.19 92.62 24.86
Agminen2 (cm?) 28.59 38.28 30.91 30.91 33.31 7.21 26.35 7.21
Agpn2 (cm?) 28.59 38.28 30.91 30.91 7535 25.19 92.62 24.86
Agi (cm?) 104.76 135.99 152.86 152.46 93.77 4236 102.24 50.46
Ags (cm?) 180.12 184.28 198.99 198.59 132.48 51.84 133.20 59.94
Vs (cm?) 140754.48 | 149596.40 | 150814.90 | 150380.12 | 1464836.80 | 212811.52 | 1528694.00 | 236297.60
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